?tCM7W;;$H8m:9$NOC !A IbF0>.?tE@1i;;$O$I$l$/$i$$?.MQ$G$-$k$+ !A EOIt A1N4 � $3$N2r@b$N<g;]$O!"<!$NJ8>O$KMWLs$5$l$F$$$^$9!# Signi�can t discrepancies (b etw een the computed and the true result) are v ery rare, to o rare to w orry ab out all the time, yet not rare enough to ignore. b y W. M. Kahan ?tCM 7W ;; $r $H $j $^$/ 7W ;; 5! $N H/ E8$O $b $N $9 $4 $$ $b$N $, $" $j $^ $9!# :#$N ;~ E@ $G $b$C $H $b9b @- G=$J7W;;5!$r sup er c omputer 1 $H$$$$$^$9!#8=:_$N sup ercomputer $N<gN.$O!" %Y%/%H%k7W;;5! $H$$ $o $l $k $b $N $G $9!#$5 $i $K!" <! @$ Be $N sup ercomputer $N :B$r A@ $& ( D6 ) JB Ns 7W ;; 5! $d JB Ns %Y %/%H %k 7W ;; 5! $N 8& 5f!& 3+ H/ $r 3F %a!< %+!< $, ( IT 67 $N Cf ) KD Bg $J M= ;; $r 3d $j Ev $F $i $l $J $, $i ?J $a $F$$$^$9!# $3$l$i $N sup ercomputer $N ?J2=$9 $Y$-J} 8~$O !V9bB.2=!W $H!VBg5, LO2=!W $G$9!#3F %a!<%+!< $,H/I=$9$k%+%?%m%0$r8+$k$H!" \GFLOPS 2 " $H$+ \GBYTE 3 " $H$+$$$C$?!"9bB.$+$DBgMFNL$r @kEA$9$kJ86g$,MY$C$F$$$^$9!# $7$+ $7 $J $, $i!" ?t CM 7W ;; $r 9T $J $& ?M $J$i C/ $b $, ?4 G[ $9 $k!" 7W ;; $N !V@: EY!W $K $D $$$F $O!" %+ %?%m%0$K$O$[$H$s$I =q$$$F$"$j$^ $;$s!#$^$?!"?tCM 7W;;$H@:EY $H$N4X78$,!"8= :_$I$N$h$&$J >u 67$K$"$k$+$4B8CN$J$$J}$bB?$$$H;W$o$l$^$9!# 2?$r 1# $= $&!" ;d $b $h $/ CN $j $^ $; $s!# $? $@$7!" <! $N $3 $H $O 8@ $( $^ $9!# 0l HL $K!" 3’ $5 $s$, ?t CM 7W;; $K ;H $o $l $F $$ $k Ib F0 >. ?t E@ 1i ;; %= %U %H %&%’ %" (F ortran, C, C++, P ascal, etc.) $G $O!" 7W ;;$N :] $K H/ @8 $9 $k 8m :9 $N 87 L) $J GD 0. $O ( 8= :_ $N $H $3 $m ) $G $- $^ $; $s!# $7 $+ $7!" 8m :9 $N HO 0O $r 87 L)$KI>2A$9$k?tCM7W ;;$NIJ<AJ] >ZIU$-$N%=%U %H%&%’%"$,4{ $K3+H/!&MxMQ $5$l!"?tCM%7%_%e %l!< %7%g%s$@$1$G$J$/!"HyJ, J}Dx<0$N2r$N B8:_$r>ZL@$9 $k$h$&$J2r @O3XE*$JJ,Ln $K$*$$$F$b!"@. 2L $,<!!9$KJs9p$5$l$F$$$^$9!# F|K\ $G ?t CM 7W ;; $NIJ <A J] >Z $N Bg @Z$5 $, 8& 5f <T $N 4V$G 0U <1 $5 $l $@ $7$? $N $O!" :G 6a $K $J$C$F $+ $i$G$9!#?tCM7W;;$NIJ <AJ]>Z$K4X $9$k8&5f$O!"%h!< %m%C%Q!"FC$K%I %$%D$G@:NO E*$K9T$J$o$l $F $$$^$9!#$b$7!"FI<T$N$I $J$?$+$,%h!< %m%C%Q$N3X2q$G!" Nc$($P$"$k Hs@~7AJ}Dx <0$N?tCM7W;; $J $I$N8&5fH/I=$r$5$l $k>l9g!"@:EYJ] >ZIU$N%=%U%H %&%’%"$r;H$C$F 8m:9$r$-$A$s $HI>2A$7$?7k 2L $r=P $7 $F $J $$ $H!" ( $^ $7 $F $d C1 @: EY $N 7W ;; $J $I $@$C $? $i ) %V %$ %V %$ FM$C 9~ $_ $, Mh $k 2D G= @- $N $" $kJ,2J2q$b$"$k$N$G!"FC$K%I%$%D$K9T$+$l$kJ}$O$4Cm0U2<$5$$!# � 6e=#Bg3XBg7?7W;;5!%;%s%?!<!&8&5f3+H/It 1 JIS 5, 3J $K =‘ 5r $7 $? K? F $8 $D $& <R $G $O!" $3 $l $r !V%9!< %Q %3 %s %T%e!< %?!W $H %+ %? %+ %J $K $7 $F $$ $^ $9!# 0l J}!" ?7 J9$G$O!V%9!<%Q!<%3%s%T%e!<%?!<!W$H$h$s$G$$$^$9!#$3$3$G$O!"LLE]$J$N$G$=$N$^$^1Q8l$r=q$-$^$9!# 2 FLOPS $O 0l IC 4V$K 2? 2s IbF0 >. ?t E@1i ;; $, $G $-$k $+ $r <($9 ;X I8!# G( %.%, ) $J $N $G!"Nc $( $P 5GFLPOS $O!" Ib F0>.?tE@1i;;$,0lIC4V$K 50 2/2s$G$-$k$H$$$&0UL#!#$?$@$7@dBPE*$J7W;;5!$NM%=($5$r<($9$b$N$G$O$"$j$^$;$s!# 3 $3$N>l9g!"%a%b%j!<$d%G%#%9%/$NMFNL$NBg$-$5$N$3$H!# 1GBYTE=1024MBYTE=1024 3 BYTE 1

1 7W;;5!$GIaCJ2?$r$d$C$F$$$k$N$+ $^ $:!" =i ?4 $K JV$C $F!" !V7W ;; $H $O $J $s $> $d!W $r 9M $( $^ $9!# !X7W ;;!Y $N 0U L# $r 9q 8l <- E5 $G D4 $Y$F$_$^$7$g$&!# $1$$$5$s!Z7W;;![ (1) $O$+$j$+$>$($k$3$H!#4*Dj!#$^$?!"8+@Q$j!#9MN8!# (2) 1i;; $r$7$F7k2L$r5a$a=P$9$3$H!# !X9-<-1q!Y$h$j FsHV$a$N!X1i;;!Y$N0UL#$rD4$Y$F$_$^$9!# $($s$6$s!Z1i;;![ ?t<0$N<($9DL$j$K=jMW$N?tCM$r 7W;; $9$k$3$H!#1?;;!# !X9-<-1q!Y$h$j $H$J$C $F$$ $^ $9!#$b $N $4$H $r 87L) $K DI5f $9 $k?M ( ’ $" $2 B-$H $j$N $& $^$$ ?M ) $G $7 $?$i!" 9- <-1q$K8~$+$C$F !X7W ;;!Y $N @b L@ $G !X1i ;;!Y $r ;H $$!" !X1i ;;!Y $N @b L@ $G !X7W ;;!Y $r ;H $& $J $s $F!" $I $J$$$J$C$H$s$M$s $H J8 6g $r $D $1 $k $+ $b $7 $l $^ $; $s!# $7 $+ $7!" $3 $N $h $& $J \ $I $& $I $& $a $0 $j " $O!" <R 2q @8 3h $K $*$1$k!"Nc$($PD9$$2q5D 4 $d<Q5M$^$C$?CK=w$N2qOC 5 $d0{$_20$G$N?l$CJ’$$F1;N$N6rCT$d8}7v2^ 6 $J $I$K$h$/=P$F$-$^$9!#=>$C$F!"5$$K$;$:$K@h$K?J$_$^$9!# K\ 9F $G $O!" 7W ;; $9 $k (compute) $H $O \ ?t $r $$ $8 $/ $k $3 $H " $@ $H >! <j $K Dj 5A $7 $^ $9!# $$ $o $f $k?tCM 7W ;; $N$3 $H $G$9!# ?t CM7W ;; $H $O!";M B’ 1i;; ( +, � , � , � ) $r 4p K\$H $7 $??t $N 7k 9g$r $4 $A$c$4$A$c$d$k$3$H$G$9!#=>$C$F!" 7W;;5! (computer) $O \ ?t$r$$$8$/$k5!3# " $H$J$j$^$9!# $3$N 7h $a $D $1 $O!" >p Js=h M} $N @$ 3& $+ $i 8+ $l$P 6K $a $F 69 $$ Dj 5A$G $9!# $J $< $J $i!" 6a $/ $K$" $k computer $G Ia CJ $_ $J $5 $s $, 2? $r $d$C $F $$ $k $+!" @h GZ ( 8e GZ ) $d @h @8 ( 3X @8 ) $N MM ;R $r 8+ $F 2< $5 $$!#?tCM7W;;0J30$K!"$*$*$h$=<!$N$3$H$KBgNL$N;~4V$rHq$d$7$F$$$k$O$:$G$9!# !& AIR $J$I$r;H$C$?%G!<%?%Y!<%9$N8!:w!# !& T E X $d0lB@O:$J$I$rMQ$$$?O@J8:n@.!"J8>O:n@.!#$*3(=q$-!# !&%2!<%‘!#FC$K Graphics $,e:No$J$b$N!# !&%$%a!<%8%G!<%?!"FC$KF02h$r2hLL$K=P$7$F4n$V!#$+$D!"$=$N%3%l%/%7%g%s$N@0Hw!# !&<B:]$O;H$$$b$7$J$$$N$K mak e $P$C$+$j$d$C$F$$$k!# !&EE;R%a!<%k$GB>?M$N0-8}$r%P%s%P%s=q$/!# $3$l$i$r$^$H$a$k$H!V%G!<%?$N=hM}$r9T$J$C$F$$$k!W$H$G$b$$$($k$G$7$g$&!# 4 FC$K8a8e$N$M$‘$$2q5D!# 5 FC$K?<Lk$NEEOC!# 6 FC$K%;%s%?!<?&0w!# 2

$h$/8+$i$l$kC<Kv$NIw7J $b$A$m $s sup ercomputer $N @$ 3& $G$O!" ;M B’ 1i;; $r 4p K\$H $7 $? ?tCM 7W ;; $, 05E] E* $J <gLr $G $9!# M}M3 $O 6K $a $F C1 =c $G!" sup ercomputer $O $b $H $b $H Bg 5, LO 2J 3X 5; =Q 7W ;; $r 9b B. $K $* $3 $J $& $? $a $K@_7W$5$l$?5!3#$@$+$i$G$9!# J8;z$rBG$D$3$H$r@lLg$K$7$?%o!<%W%m$O!"EEBn5!G=$d%U%!%$%k$N4IM}$,2DG=$J$b$N$,B?$/!" computer $H $$ $( $J $$ $3 $H $b $J $$ $N $G $9 $,!" $3 $l $r 7W ;;5! $H $O 8F $Y $J $$ $G $7$g $&!# $^ $?!" G$ E7 F2$r@$3&$XHtfF$5$;$?%U%!%_%3%s$b!" computer $HL>$,$D$-$J$,$i40A4$J%2!<%‘@lLg5!$G$"$j!" $H$F $b 7W ;; 5! $H $O 8F $Y $^ $; $s!# $I $& $d $i !V7W ;; 5! =computer !W $H $$ $& Lu 8l $N BP 1~ 4X 78 <+ BN $, <B>p$K9g$o$J$/$J$C$F$$$k$_$?$$$G$9!# $=$l $G $O 0J 2<!" ?t CM 7W ;; $K 4X$9 $k OC Bj $r!" !V@: EY J] >Z!W $H$$ $& $_ $J $5 $s $K $O $" $^ $j$* $J $8 $_$G$J$$@Z$j8}$+$i8+$F$$$/$3$H$K$7$^$7$g$&!# 2 Computation 8m:9$N<h$j07$$$rCf?4$K9M$($k$H!"?tCM7W;;$O<!$N$h$&$KJ,N‘$G$-$^$9!# 3

0J2<!"$3$N 3 $D$N Computation $K$D$$$F!"4JC1$J@bL@$r2C$($^$9!# Algebraic Computation algebr aic c omputation $H $O!" 7W ;; $r 8m:9$J$7 $G 9T $J $& <j K! $G $9!# 8m :9 $J $7 $H $$ $& 0U L# $r 6/D4$9$k$?$a!" Err or-F r e e c omputation $H$b8F$P$l$F$$$^$9!# ?tCM 7W ;; $K $* $1 $k Algebraic computation $N Be I= E* $J$b $N $O!" M- M} ?t 1i ;; $G$9!# $3 $l $O!" $9$Y$F$N7W;;$rM-M}?t$G$d$C $F$7$^$*$&$H$$ $&$b$N$G$9!# 3 @a0J9_$G=R$Y $k$h$&$K!"IbF0>.?t E@1i;;$N:GBg$N7gE@ $O!"<B?t$r6a;w $7$F$7$^$&$3 $H$G$9!#$=$l $KBP$7$F!"M-M} ?t1i;;$O$3$N 7g E@$,$J$/!"87L)$J8m:9$J$77W;;$,2DG=$G$9!# 4JC1$JNc$H$7$F!" 10 ?J?tI=8=$N7W;;5! 7 $NCf$r$N$>$$$F$_$^$9!# 10 ?J?t$G$O 1 3 � 0 : 3333333 $H$$$C$?$h$&$K!"E,Ev$J 7e$GBG$A@Z$C$F 6a;w$7$J$$ $HI=8=$G$-$J $$<B?t$,$? $/$5$s$"$j$^ $9!# M-M}?t1i;;$O!"$3$l$rM-M}?t$N$^$^ 1 3 + 1 9 = 4 9 $J$I$H7W;;$7 $^$9!#$3 $l$J$i!" F~NO$N %G!<%?$r$9 $Y$FM- M}?t$G M?$($F $*$1$P!" exact $J7W;; $, 2DG=$K$J$j$^$9!# $?$@$7!"M-M}?t1i;;$K$OFqE@$,$"$j$^$9!#$?$H$($P!" � , sin 1 3 , log 11 13 $J$I!"L5M}?t$NM-M} ?tI=8=$O$G$-$^$;$s 8 !#$^$?!"1i;;$NESCf$G 9689 11213 + 9941 19937 = 304638026 223553581 $N$h$&$K!"J,;R!?J,Jl $,$‘$d$_$K Bg$-$/$J$C$F!":G 8e$K$O%a%b %j!<$N5vMFNL $r1[$($?$j!"7W ;; ;~4V$,KDBg$K$J$C$?$j$9$k>l9g$,$"$j$^$9!# $3$N BP :v $H $7 $F!"A} Bg $7 $? M- M}?t $r J, Jl !? J,;R $, >. $5 $/ $J$k $h $& $K 6h 4V$H $7 $F Jq $_ 9~$_ $J $,$i1i ;;$r $9$9 $a$k %7 %9%F %‘ [11] $J $I$b 9= C[$5 $l$F $$$^ $9$,!" $3 $l$O <!$N <!$K =P$F $/ $k V eri- �ed Computation $K$J$C$F$7$^$$$^$9!# $^$?!" a; b � 0 $rL$CN?t$H$7$?$^$^ Z 1 0 ( e � a 2 x 2 � e � b 2 x 2 ) dx = ( b � a ) p � $J $I $H @Q J, 7W ;; $r 9T $J $& $3 $H $, 2D G= $J ?t <0 =h M} %7 %9 %F %‘ $b!" Bf 7A 8x <0 $J $I $N 6a ;w 8x <0 $r MQ $$ $:!"@5 3N $K ?t 3X E* JQ 7A $, $G $- $k $H $$ $& 0U L# $G!" 8m :9 $J $7 $N Algebraic Computation $H 8@ $( $^ $9!#$b$C$H$b!"?t<0=hM}$,$A$c$s$H2r$1$J$$$HLr$K$?$A$^$;$s!# Numerical Computation Numeric al Computation $H $O!" E, Ev $J 1i ;; $r MQ $$ $F exact $J 7k 2L $N 6a;w $r 9T $J $& <j K! $G $9!#<jK!$O IbF0>.?tE@ 1i;; $,0lHLE* $G$9!#<B$OIbF0 >.?tE@1i;; $KBP$7$F!"8GDj >.?tE@1i;;$H $$ $&<jK!$b$"$j$^$9$,!"$3$l$O$"$^$j;H$o$l$F$$$^$;$s!# 7 <B:]$N7W;;5!$O 2 ?J?t ( $D$^$j 0 $H 1 $N@$3& ) $,<gN.$G$9!# 8 $J$<$J$i!"M-M}?t$HL5M}?t$N6&DLItJ,$O6u=89g$@$+$i$G$9!# 4

Ib F0 >. ?t E@ 1i ;; $N Bg $- $J FC D’ $O!" exact $J 7W ;; $r $" $- $i $a $F 6a ;w 7W ;; $K E0 $7 $? J, $@ $1 1i ;; =hM}$,6K$a$F9bB.$G$"$j!"$5$i$KJQ?t$,I,MW$H$9$k5-21NN0h$b>/$J$/$F$9$‘$3$H$K$"$j$^$9!# $5$F!"?tCM7W;;$r$d$kJ}$,$?$^$K$5$l$F$$$k4*0c$$$O!" !Z8m2r$=$N0l![ 7W;;$5$;$h$&$H$$$&%b%G%k$,$b$H$b$HO"B3NL$N6a;w$J$s$@$+$i!" IbF0>.?tE@1i;;$NB?>/$N8m:9$J$s$F!"$^$"!"$I$&$G$b$$$$$d!# $H$?$+$r$/$/$i$l$F$$$k$3$H$G$9!#Cf$K$O!"6KC<$J?M$K$J$k$H!"<!$N$h$&$J;W$$$-$j4V0c$C $?G’<1$r$5$l$F$$$k>l9g$b$"$j$^$9!# !Z8m2r$=$NFs![ IbF0>.?tE@1i;;$O!"$I$s$J$H$-$G$bC1@:EY1i;;$G>.?tE@0J2< 7 7e!" G\@:EY1i;;$O>.?tE@0J2< 15 7e$^$G$N?tCM@:EY$r87L)$KJ]>Z$9$k!# <B $O Numerical Computation $G @8 $8 $k 8m :9 $O!" 87 L) $J @: EY $N J] >Z $I $3 $m $+!" >l 9g $K $h$C $F$O$b$H$N%b%G%k$r $?$F$?0UL#$9 $i<:$o$;$k$[ $IA}Bg$9$k2D G=@-$,$"$k$N $G$9!#$3$N2r@b $O!" >e$N!V$^$"!"$I$&$G$b$$ $$$d!W$H;W$C$F $$$k?M$K!V$I $&$G$b$h$/ $J$$!W$3$H$r7Y 9p$9$k$3$H $, <g4c$G$9!# V eri�ed Inclusions :G 8e $N V eri�e d Inclusions (V eri�ed computation) $O!" !V8m :9 $J $7!W $N Algebraic Com- putation $H!V6a ;w!W$N Numerical Computation $NCf4V$K 0LCV$9$k<jK!$G!" 6h 4V1i;; (in terv al arithmetic) $r$=$N4pAC$K$*$$$F$$$^$9!# 6h4V 1i ;; $H $O!" ?t CM $r$" $k I} $r $b$C $? <B ?t $N=8 9g $H $7 $F $H $i $(!"6h 4V $N ;M B’ 1i ;; $r Dj5A $9 $k$3$H$G Numerical Computation $K$h$C$FH/@8$9$k 8m:9$N87L)$JGD0. $r9T$J$&<jK!$G$9!# Nc$($P p 2 $OL5 M}?t $G!"7W ;;5! $G87 L)$K I=8= $9$k $3$H $O$G $-$^ $;$s!#6h 4V1i ;;$G $O$3 $l$r <!$N$h$&$KI=8=$7$^$9!# p 2 = 1 : 4142 � � � 2 [1 : 414 ; 1 : 415] � f x 2 I R; 1 : 414 � x � 1 : 415 g V eri�ed computation $, 2D G= $J %= %U %H %&%’ %" $G $N 7W ;; $O!" =P NO $, exact $J CM $r Jq $_ 9~ $s $@ 6h4V$N7A$G=PNO$5$l$^$9!#2<$O!" 1 : 0 $rJq$_9~$s$@=PNONc$G$9!# x=[0.9999999999999993, 1.000000000000001] 6h4V $O!" >e $N $h $& $K<B ?t $N =8 9g $H $7$F I= 8= $5 $l $^ $9$,!" $= $N 6h 4V $K I,$: ?? $N CM $, B8 :_$9 $k $H$$ $& ( ?t 3X E* $K 87 L) $J ) J] >Z $r M? $( $F $/ $l $^ $9!# =>$C $F!" @5 3N $J ?t CM 7k 2L!" B( $A 7W ;; $N IJ <A J]>Z$,M_$7$$ ?M$K$H$C$F $O!"BgJQLr $KN)$A$^ $9!#$=$N B>!" V eri�ed Inclusions $K$D $$$F$N>\ :Y $O!" [3] $r8fMw$/$@$5$$!# V eri�ed Inclusions $N 2]Bj $O!" $3$N 6h4V $, $I$l $/$i $$ 69$/ <B 8=$G $- $k$+ $G$9!# $^ $?!"9b $$ @:EY$rJ]>Z$7$D$DIbF0 >.?tE@1i;;$K Nt$i$L9bB.1i ;;$,$G$-$k$N $+$H$$$&!"%3%9 %H$NLdBj$b$" $j $^$9!# 6h4V 1i ;; $O 8m :9 $N:G 0- $N 7k 2L $r A[Dj $7 $F Jq $_ 9~ $_$r 9T $J $$ $^ $9 $N$G!" Ld Bj $K $h$C $F $OJq $_ 9~$_$N6h4V$,A}Bg$7!"<BMQE*$JCM$,F@$i$l$J$$%1!<%9$b@8$8$^$9!# IJ<A J] >Z MQ ?t CM 7W ;;%= %U %H $O!" 4{ $K $$ $/ $D$+ $, 3+ H/!& ;T HN $5 $l9b $$ I> 2A $r <u $1 $F $$$^ $9!# $^$? [11] $G$O!"M-M}?t1i;;$H6h4V1i;;$H$r$"$o$;$?@:EYJ]>ZIU$-%7%9%F%‘$r<B8=$7$F$$$^$9!# 5

3 IbF0>.?tE@$r?t$($k IbF0 >. ?t E@ 1i ;; $O M-8B $N @$ 3& $G $9!# Ib F0 >.?t E@ $N =8 9g $O!" <B ?t$N $h $& $K O" B3 $G $b $J$$ $7!" M-M}?t$N$h$&$KL58B=89g$G$b$"$j$^$;$s!#<B?t$HM-M}?t$N4V$K$O!"<!$N4X78$,@.$jN)$A$^$9!# � � !ZDjM}![ <B?t � $K<}B+$9$kM-M}?tNs$,B8:_$9$k!#$5$i$K!" � $O<!$N$h$&$KI=8=2DG=$G$"$k!# � = a 0 + c 1 10 + c 2 10 2 + � � � + c n 10 n + � � � $3$3$G!" a 0 , c n $O@0?t!" 0 � � � a 0 < 1, 0 � c n < 10 $r$_$?$9!# � � $3$l $r !V 10 ?J ?t$H $7 $F$N � $NI= 8=!W $H$$ $$ $^$9!# Dj M}$N >Z L@$O!" L> Cx [1] $r$* FI $_2< $5 $$!# 10 $NBe$o$j$K 1 $h$j$bBg$-$$G$0U$N<+A3?t t $r;H$C$?!"<B?t � $N t ?JE83+$b2DG=$G$9!# � = a 0 + c 1 t + c 2 t 2 + � � � ; (0 � c n < t ) (1) @0?t m $rE,Ev$KDj$a (1) $r t m $G3g$j=P$9$H!" 0 0J30$N<B?t$O<!$N$h$&$KI=8=2DG=$G$9!# � = � ( x 1 t + x 2 t 2 + x 3 t 3 + � � � ) t m (2) 3F x i $O@0?t$G$"$j!" 0 < x 1 < t , 0 � x i < t ( i = 2 ; 3 ; � � � ) $G$9!# 7W;; 5! $N Fb It $G $O!"$b $A $m $s $3 $N $h$& $J I= 8= $O $G $-$^ $; $s!# E8 3+ $O 0lHL $K L5 8B $K B3 $/0l J} $G!"3F x i $N>pJs$r3JG<$9$k5-21NN0h$K$b@)8B$,$"$j$^$9!# IbF0>.?tE@?t ( oating p oin t n um b er) $H$O!" (2) $NI=8=$rM-8B 7e$GBG$A@Z$C$?<B?t$N6a;w $N$3$H$G$9!#Nc$($P n 7e$GE83+$rBG$A@Z$k>l9g!"<B?t � $NIbF0>.?tE@I=8= � � $O2<$NMM$K$J$j $^$9!# � � = � ( x 1 t + x 2 t 2 + � � � x n t n ) t m (3) $^ $?!" m $N CM $b L5 8B $K Bg $- $/ $G $- $^ $; $s!# $= $3 $G!" <+ A3 ?t m L , m U $r >e 8B!& 2< 8B $H $7 $F!" � m L � m � m U $H $$ $& @) 8B $, $D $- $^ $9!# Ib F0 >. ?t E@ ?t $O!" $3 $N 4 $D $N <+ A3 ?t n , t , m L , m U $r ;H$C $F @5 3N $K?t $( $k $3 $H $, $G $-$^ $9!# $D $^ $j @5 $N >l 9g!"Ii $N >l 9g $, $= $l $>$l ( t � 1) t n � 1 ( m L + m U + 1) 8D!"$3$l$K%<%m$r2C$($?9g7W 2( t � 1) t n � 1 ( m L + m U + 1) + 1 8D$,!"@5 3N$JIbF0>.?tE@$N?t$K$J$j$^$9!# 7W;;5!$N %7%9%F %‘$K$h$C $F n , t , m L , m U $N CM$OJQ$o$j$^$9!#Nc$($P!" F ujitsu M1800/20 $N UXP/F ortran77 EX %7%9%F%‘$NG\@:EY<B ?t7?%G!<%?$O 16 |{z} t ?J?t 14 |{z} n 7e!" � 64 | {z } m L � m � 63 |{z} m U $G$9!#=>$C$FIbF0>.?tE@$N?t$O 2 � 15 � 16 13 � (64 + 63 + 1) + 1 = 17293822569102704641 8D $H$J$j$^$9!# M1800/20 6

4 @:EY$NB;<: 7W;;5! $NFb It$G!" ?tCM$r 0lDj $N7e $G6a;w $9$k $3$H$r 4]$a (round-o� error) $H8F$S $^$9!# 4] $a$r n 7e$G9T$J$($P!"EvA3$=$N@h$N n + 1 7e0J9_$N>pJs$,<:$o$l!"8m:9$,:.F~$7$^$9!#$3$N8m :9$r 4]$a8m:9 (round-o� error) $H$$$$$^$9!# 10 ?J?tE83+$G$O!"<!$N$h$&$K$J$j$^$9!# 1 X i =0 c i 10 i | {z } <B?tCM = n X i =0 c i 10 i | {z } n 7e$N4]$a + 1 X i = n +1 c i 10 i | {z } 4]$a8m:9 IbF0 >. ?t E@ 1i ;; $G$O!" $3 $N M- 8B $X $N6a ;w $N 1F 6A $+ $i!"$^ $l $K %W %m %0 %i%‘ $r AH $s $@ ?M $,4| BT $9 $k 7W ;; CM $H 0[ $J $k 7k 2L $r =P NO $9 $k $3 $H $, $" $j $^ $9!# $? $@ $7!" $= $N 0[ $J $j 6q 9g ( 8m :9 $N HO 0O ) $,!"%W%m%0%i%‘$rAH$s $@?M$N5vMF$9 $kHO0O$K<} $^$C$F$$$k$+$H $$$&LdBj$, $"$j$^$9!#$=$7 $F!" 5vMFHO0O$O!"7W;;$NL\E*$K$h$C$FJQ$o$j$^$9 9 !# 4]$a8m:9$K $h$k7W;; >e$N%H%i%V %k$rKI;_ $9$k$K$O!" 1i;;7e?t!"$9 $J$o$A4] $a$N?t n $r Bg$- $/$H$k$N$,$b$C$H$b4J C1!"$+$DM-8z $JJ}K!$G$9!#0l It$N7W;;5! $d%=%U%H%&%’ %"$G$O!"C1@:EY $G $b=<J,$J7e?t$r3N J]$9$k$b $N$b$"$j$^ $9$,!"FC$K6e =#Bg3XBg 7?7W;;5!%; %s%?!<$N F ortran %7%9 %F%‘$rMxMQ$9$kJ}$O ?tCM7W;;$KG\@:EY1i;;$r;HMQ$9$k$N$O>o<1 $H;W$C$F2<$5$$!# $? $@ $7!" $3 $3 $G 92 $F $F!" BP 6v 10 $O I, $: $7 $b ?? $G $J $$ $3 $H $r!" $$ $$ E: $( $F $* $- $^ $9!# 8m :9 $N 5v MF NL!" $* $h $S %a %b %j!< $d 1i ;; B. EY $N 4X 78 Ey!" MM!9 $J ;v >p $, $"$C $F!" C1 @: EY $r MQ $$ $F $$ $i$C $7$c$k>l9g$b$"$j$^$9$N$G ... $H$+$$$$$J$,$i!" [2] $+$i0zMQ$7$F$*$-$^$9!# 0J A0 $O B? G\ @: EY 1i;; $r MQ $$ $k $H !V2? G\ $b $N7W ;; ;~ 4V $, $+ $+ $k!" 2? G\$b $N 5- 21 >l =j $r $H $k!" $@ $+ $i $J $k $Y $/ ;H $& $J!W $H $$ $o $l $? $3 $H $b $"$C $? $,!" :# F| $G $O %3 %s %T%e!< %? $N @- G= $K =< J, $J M>M5 $, $" $k $N $G!" 7W ;;;~ 4V $d 5- 21 MF NL $J$I $r ?4 G[ $; $: $K B?G\ @: EY 1i ;; $r MQ $$ $k $3 $H $, $G $- $k!# Bg 7?%3 %s %T%e!< %? $N >l 9g $K $O G\ @: EY 7W ;;$b C1 @: EY 7W ;; $N $; $$ $< $$ 2 G\ $/ $i $$ $G $" $k!# 7W ;; ;~ 4V $r @a Ls $7 $? $? $a $K 8m$C $? 7k O@ $r =P $7 $F 5; =Q <T $N ?. MQ $r <: DF$9$k$3$H$N$J$$$h$&!"1i;;7e?t$O=<J,D9$/$H$C$F$*$/$3$H$r4+$a$?$$!# 8M@n H;?M!X?tCM7W;;!Y$h$j <!$K 5$ $r $D $1 $k $Y $-$3 $H $O!" ?t 3X E* $K F1 CM$J 8x <0 $@ $+ $i $H $$$C$F!" 7W ;; $7 $F F@ $i $l $k7k 2L $,F1$8$H$O8B$i$J$$ $H$$$&62$m$7 $$;v<B$G$9!# $b$A$m$s!"IbF0 >.?tE@$,<B ?t$N!V6a;w!W$K2a $. $J$$M-8B$NI=8=$G$"$k$H$$$&$3$H$,860x$G$9!# $H$$ $& $3 $H $O!" O" N) 0l <! J} Dx <0 $N 2r K!$d!" 8G M- CM Ld Bj!" 9b B. %U!< %j %( JQ 49 $J $I $N!"?t CM 7W ;;$N<jK!$,$"$kDxEY 3NN)$5$l$?Ld Bj$K$D$$$F$O!" $G$-$k$@$14{ @.$N%5%V%k!<%A %s$rMxMQ$7$? J} $,L5Fq$@$H$$$&$3$H$G$9!# Nc$($P!" Ev%; %s%?!<$G Ds6! $7$F$$ $k SSL I I $d NUMP A C $O!" ?tCM 7W;; $N@lLg 2H$, 4]$a8m :9$N1F6A$r:G>.$K$9 $k$h$&$K9)IW $r$3$i$7$F:n @.$7$?%i%$%V %i%j$,B7$C$F$$ $^$9!#<+J,$G0U 5$ 9 >.?tE@0J2< 3 7e$/$i$$$,$"$C$F$$$l$PNI$$>l9g$d!"40‘z$J@:EY$G7k2L$rMW5a$9$k>l9g$J$IMM!9$G$9!# 10 !X>o<1$,$J$$E[$,C1@:EY$G?tCM7W;;$r$9$k!Y 7

9~$s$G%W%m%0%i%_%s%0 $9$k$N$b7k9= $G$9$,!"O@J8$N =PMh$r:81&$9 $k$h$&$JBg;v $J%W%m%0%i%‘ $r AH$^$l$k>l9g$O!"$J$k$@$1I>2A$N3NN)$7$?%i%$%V%i%j$r;HMQ$7$?J}$,$$$$$G$7$g$&!# 0J2<!"$R$H$D$@$1Nc$r$"$2$^$9!# 2 <!J}Dx<0 ax 2 + bx + c = 0 ; a 6 = 0 $N2r$O!"9b9;;~Be0E5-$7$?$h$&$K!"8x<0 x = � b � p b 2 � 4 ac 2 a $GM? $( $i $l$^ $9!# $H $3 $m $,!" $3 $N 8x <0$r D> @\ ;H$C $? %W %m %0 %i %‘$r AH $‘ $H!" b $H p b 2 � 4 ac $N 4X78$K $h$C$F $O!"@: EY $,6K C<$K 0- $/$J $k>l 9g$, $" $j$^ $9!# [4] $K!"$+ $J$j $7 $D$3 $$2r @b$, $" $j $^$9$N$G!"6=L#$N$"$k J}$O$=$A$i$r 8fMw$$$?$@$/ $H$7$F!"$R$H$D $@$1@:EY$,0- $/$J$kNc$r$" $2 $^$9!# G$0U$N<+A3?t n $K$D$$$F a = 1 ; b = � (10 n + 10 � n ) ; c = 1 $N>l9g!"2r$O@53N$K x 1 = 10 n x 2 = 10 � n $G$9!# n = 5 $N>l9g$O x 1 = 100000 x 2 = 0 : 00001 $K $J $j $^ $9!# $= $3 $G!" @h $N 8x <0 $r $= $N $^ $^ MQ $$ $? %W %m %0 %i %‘ $H!" @: EY $N B; <: $r 9M N8 $7 $? SSL I I $N%5%V%k!<%A%s RQDR $H$rC1@:EY$GHf$Y$F$_$^$9!#%3%s%Q%$%i$O F ujitsu M1800/20 $N F or- tran77 EX $G$9!# 2r$N8x<0 VS. SSL I I %5%V%k!<%A%s$N%W%m%0%i%‘$O0J2<$NDL$j$G$9!# � � program niji real a/1.0/,b,c/1.0/,x1,x2 complex z(2) b = -1.0E5-1.0E-5 <--- n=5 x1 = ( -b + sqrt(b**2 - 4*a*c) )/(2.0*a) <--- 2r$N8x<0 x2 = ( -b - sqrt(b**2 - 4*a*c) )/(2.0*a) print*,x1,x2 call rqdr(a,b,c,z,icon) <--- SSL II $N;HMQ print*,z end � � 7k2L$O<!$N$h$&$K$J$j$^$7$?!# x1=100000.0 x2=0.0 <--- 2r$N8x<0 x1=100000.0 x2=0.0000099999997 <--- SSL II 8

2r$N8x<0$r$=$N$^$^E,MQ$7$?>l9g!" x 2 $NCM$, 0 $KMn $A$F$7$^$&$N$KBP$7$F!" SSL I I $r;H MQ$7 $? >l 9g!" @: EY $N B; <: $r KI $0 <j K! $r $H $j F~ $l $F $$ $k $? $a (cf.[5]) !" ?? $N CM $K 6a $$ ?t CM $r F@ $F $$$^$9!# C1@: EY $G $N 7W ;;$N >l 9g!" 2 <!J} Dx <0 $J $I $N4J C1 $J 8x <0 $K$D $$ $F $b @: EY$N 7g Mn $, BT $A9= $( $F $$$^$9!#FC$K!"F@$i$l$? 7k2L$r:FEYMx MQ$7$F7W;;$r ?J$a$k H?I|K! $r%W%m%0%i%_ %s%0$5$l$F$$ $k J}$O!" @: EY $N 0- 2= $K 2C $( $F!" IF J8 H= Dj $N 4V 0c $( $d!" %< %m 3d $j $r 5/ $3 $7 $? $j $J $I $N!" CWL? E* $J 8m$j$r$*$+$7$F$$$k $+$b $7$l$^$;$s!# >e$N%W%m%0%i%‘$G$O!">/$J$/$H$b@h$[$I$NCi9p ([2]) $r<u$1F~$l$F!"G\@:EY1i;;0J>e$K=$@5 $9$l$P!"7k2L$,%<%m$KMn$A$k $H$$$&4m81$OKI ;_$G$-$^$9!#;29M$^ $G$KG\@:EY!" 4 G\@:EY1i;;$G 9T$J$C$?7k2L$r$"$2$^$9!# x1= 99999.999999999985 G\@:EY x2= 0.000013385357559 x1= 99999.99999999999999999999999999980 4 G\@:EY x2= 0.00001000000000000000000000000626847810 = ) = ) � ! time O@J8Ds=P8e!"7W;;%_%9$rH/8+$7$?>l9g$NMMAj$NJQ2= ( :8$+$i6CX3G7?^ / 4mW|G7MY / C2B)JzI(G7?^ ) 9

5 I.;; vs. computer B3$$ $F $O!" %+ %? %m %0 >e $G $O @$ 3& 6~ ;X $N 9b @- G= $r 8X $k HF MQ 7W ;; 5! $K Ek :\ $5 $l $? F ortran %3 %s %Q%$%i$K!";f$H1tI.$G4:A3$HD)@o$7$F$_$^$9!# � � !ZLdBj![ <!$NCM$r7W;;$;$h x 4 � 4 y 2 � 4 y 4 for x = 665857 : 0 and y = 470832 : 0 � � $A$J$_$K z = x 4 � 4 y 2 � 4 y 4 $O<!$N$h$&$JGO$N0H$NMM$J7A$K$J$C$F$$$^$9!# z = x 4 � 4 y 2 � 4 y 4 Ey9b@~ F ortran $G$N7W;; Ld Bj $N DL $j $K F ortran %W %m %0 %i %‘ $r AH $s $G $_ $^ $9!# G0 $N $? $a!" C1 @: EY $H G\ @: EY $G CM $r =P NO $5$;$^$9!# � � program ex1 real xr/665857.0E0/,yr/470832.0E0/ real*8 xd/665857.0D0/,yd/470832.0D0/ print*,’single precision : ’,xr**4 - 4*yr**2 - 4*yr**4 print*,’double precision : ’,xd**4 - 4*yd**2 - 4*yd**4 end � � $o$:$+ 5 9T$N%W%m%0%i%‘$G$9!#<B9T7k2L$O ... single precision : 7.2057594e+16 double precision : -16777216.000000000 $H$J $j $^ $7 $?!# C1 @: EY$H G\ @: EY $G A4 $/ CM $,0c $$ $^ $9!# $? $a $7 $K!"Fs HV L\ $H ;0 HV L\ $N 9‘$r F~ $l49$($F$_$^$9!# 10

� � program ex2 real xr/665857.0E0/,yr/470832.0E0/ real*8 xd/665857.0D0/,yd/470832.0D0/ print*,’single precision : ’,xr**4 - 4*yr**4 - 4*yr**2 print*,’double precision : ’,xd**4 - 4*yd**4 - 4*yd**2 end � � $b$A$m$s!"CM$O@h$[$I$HF1$8$K$J$kH&$G$9!#$H$3$m$, ... single precision : 7.2056709e+16 double precision : -4891648.0000000000 C1@: EY!& G\ @: EY $H $b $K!" F~ $l 49$( $k A0 $H 0[ $J $k 7k 2L $,=P $F $7 $^ $$ $^ $7 $?!# $3 $l $O!"1i ;; $N 7k2L$,C1@:EYJQ?t$* $h$SG\@:EYJQ ?t$N;}$D>pJs NL$G$O%+%P!<$G $-$J$/$J$C$?$? $a$K5/$-$?$b $N $G$9!#$b$&>/$76qBNE*$K!" x 4 $,$I$N$h$&$KI=8=$5$l$F$$$k$+=PNO$5$;$^$9!# C1@:EY : 19657297 0000000000000000 = 1 : 9657297 � 10 23 G\@:EY : 19657300600455819 0000000 = 1 : 9657300600455819 � 10 23 K\Ev$NCM : 196573006004558194713601 K\Ev$NCM$HHf3S$7$F$*$o$+$j$N$h$&$K!"2<@~It0J30$NI,MW$J>pJs$,Mn$A$F$$$^$9!#=>$C$F!" $3$l$i$N>pJs$,7gMn $7$??tF1;N$N 0z$-;;$dB-$7 ;;$r7+$jJV$9 $H!"A4$/0[$J$C$? 7k2L$,=P$F$/ $k $3$H$K$J$j$^$9!# CALC $GK\Ev$NCM$r5a$a$k >p Js $r 7g Mn $5 $; $J $$ $? $a $K $O!" $" $/ $^ $G 6a ;w 7W ;; $G $" $k Ib F0 >. ?t E@ 1i ;; $r ;H $o $: $K!" ex- act $J 7W ;; (algebraic computation) $r $d$C $F $7 $^ $( $P $$ $$ $o $1 $G $9!# exact $J 7W ;; $H $7 $F!" $3$3 $G $O Fs $D $N J} K! $r MQ $$ $F F ortran %3 %s %Q %$ %i $, <: GT $7 $? 7W ;; $K :F EY %A%c %l %s %8 $7 $F $_ $^ $9!#0l$D$OM-M}?t1i;;!"$=$7$F$b$&0l$D$OI.;;$G$9!# $^$:!"M-M}?t1i;;%=%U%H$r;H$C$F7W;;$r9T $J$$$^$9!#$3$3$G$O!" CALC $H$$$&%=%U%H$KEP >l$7$F$b$i$$$^$9!#0J2<!" c $N>R2p$G$9!# CALC { C-st yle arbitrary precision calculator. calc v ersion: 1.25.0 - k1.0 Cop yrigh t (c) 1992 Da vid I. Bell Mo di�ed 1993 b y Masahide Kashiw agi CALC $OM- M}?t 1i;; $r4p K\ $H$7!" MM!9$J ?t3X 4X?t $rHw $(!"G$ 0U$N @:EY 7W;; $,2D G=$J EEBn %W %m%0%i%‘$G$9!#8=:_$N$H$3$m%o!<%/%9%F!<%7%g%s$G$NF0:n$G!" UXP , MSP $OL$%5%]!<%H$G$9!# AaB.7W;;$7$F$_$^$9!# 11

� � 01> 665857**4 - 4*470832**4 - 4*470832**2 � � � � � 1 <--- Ez$( 02> 665857**4 � � � � � <--- 0l1~8DJL$K7W;;$7$F$_$k 196573006004558194713601 03> 4*470832**4 � � � � � 196573006003671463624704 04> 4*470832**2 � � � � � 886731088896 05> 196573006004558194713601 -196573006003671463624704 -886731088896 � � � � � 1 <--- Ez$( � � 8fMw$N$h$&$K7W;;7k2L$O 1 $K$J$j$^$7$?!#$3$l$G@52r$G$9!# <j7W;;$GK\Ev$NCM$r5a$a$k <!$O I. ;; $G $9!#>e $N 7W ;; $O!" 4pK\ E* $K F| K\ $N>. 3X 9; $G I,$: 0E kV $5 $; $i$l $k !V6e 6e ( $/ $/ ) !W $5$(CN$C$F$$$l$P2r$1 $kLdBj$G$9!#$= $3$G!"%;%s%?!< Fb$N2K$=$&$K $7$F$$$?=w $N;R$rJa$^$( $F 7W;;$5$;$F$_$^$7$?!#$?$@$7!"?F@Z$N$?$aLdBj$rJQ$($F$$$^$9!# � � !ZLdBj ( =$@5HG ) ![ <!$NCM$, 1 $K$J$k$3$H$r<($;!# x 4 � 4 y 2 � 4 y 4 for x = 665857 and y = 470832 � � 7W;; $rMj $s$@ ?M$O!" $^$: x 4 , y 2 , y 4 $r 8DJL $K7W ;;$7 $h$& $H$7 $F8+ ;v$K J4:U $5 $l$^ $7$?!# 86 0x$O=8CfNO$,ES@Z$l$?$?$a!"B-$7;;$N$H$-$K!V$/$j$"$2!W$rK:$l$F$7$^$C$?$?$a$G$9!# 0J2<$O!"$7$+$?$,$J$$$N$G!"B>$N?M$K$d$C$F$b$i$C$? x 4 $N7W;;$N0lIt$G$9!# x 2 � x 2 $N7W;;$NLOMM 12

<B:]$N$H$3$m!" x 4 � 4 y 2 � 4 y 4 $, 1 $K$J$k$3$H$,$o$+$C$F$$$k$N$G!"0x?tJ,2r$7$?$/$J$k $N$,?M>p$G$9!#$d$C$F$_$k$H!" x 4 � 4 y 2 � 4 y 4 � 1 = ( x 2 + 2 y 2 + 1)( x 2 � 2 y 2 � 1) $H$J$j$^$9!# x 2 , y 2 $OHsIi$h$j x 2 + 2 y 2 + 1 > 0 $G$9!#=>$C$F!";f$N>e$G x 2 � 2 y 2 = 1 $r<( $;$P2rEz$K$J$j$^$9!#$3$l$@$H 2 >h ( x 2 , y 2 ) $N7W;;$G;vB-$j$k$N$G!"2?$H$+=PMh$=$&$G$9!# !V$&!< $&!<!W$& $J$C $F $$ $k 2r Ez <T $N 8e $m $G!" $$ $A Aa $/ $3 $l $K 5$ IU $$ $? ?7 :’ $N =u 65 <x $O !V$U $U$U$U!"$G$-$?!A!W$H4n$s$G!"2rEz<T$K$$$d$,$i$l$F$$$^$7$?!# %R%s%H$r=u65<x$+$i$b$i$C$?2rEz<T$b!"$h$&$d$/2rEz$rF@$^$7$?!#$a$G$?$$$3$H$G$9!# � � � � 2rEz$N0lIt$H4?4n$N?^ 4WOC $H$3$m$G!"<j7W;;$K$b=P$F$-$? x 4 $N7W;;7k2L$G$"$k 196573006004558194713601 $r!VFI$a!W$H8@$o$l$? >l9g!"$_$J$5 $s$O$A$c$s$HFI $a$k$G$7$g$& $+!#$D$^$j!"7e $r?t$($l$P $* $o$+$j$N$h$&$K!"!HC{!I$h$j>e$NC10L$r$4B8CN$+!"$H$$$&$3$H$G$9!# 4A;z$G=q$/$H!" 196573006004558194713601 $O 0l @i 6e I4 O; == 8^ T6 <7 @i ;0 I4 5~ O; @i ;M C{ 8^ @i 8^ I4 H, == 0l 2/ 6e @i ;M I4 <7 == 0l K| ;0 @i O; I40l $G$9!#$R$i$,$J$G=q$$$F$_$^$9!#$<$R!"B)$D$.$J$7$G0l5$$KFI$s$G$_$F2<$5$$!# $$$C$;$s$-$e$&$R$c$/$m$/$8$e$&$4$,$$$J$J$;$s$5$s$S$c$/$1$$$m$/$;$s$h$s$A$g $& $4 $; $s $4 $R$c $/ $O $A $8$e $& $$ $A $* $/ $-$e $& $; $s $h $s $R$c $/ $J $J $8$e $& $$ $A $^ $s $5$s$<$s$m$C$T$c$/$$$A 13

!VC{!W $N >e $O !V5~!W!" $= $N >e $O !VT6!W $K $J $j $^ $9!# 2? $+ $N OC $N $? $M $K $J $k $+ $b $7 $l $^ $; $s $N $G!" $= $N B> $N C1 0L $N 0l Mw $r >R 2p $7 $^ $9!# =P E5 $O J? K^ <R $N !X@$ 3& Bg I4 2J ;v E5!Y $K $h$C $F $$ $^ $9!# C1 0L $O A4 $F J) 65 MQ 8l $+ $i $- $F $$ $^ $9!# C1 0L $, Bg $- $/ !J>. $5 $/!K $J $k $K =>$C $F!" Ib @$ $+ $i CJ!9$O$J$l$F$$$/LOMM$r46$8$H$i$l$F2<$5$$!# $b$A$m$s!"$9$G$K8g$i$l$F$$$kJ}$O46$8$J$$$H;W$$$^$9!# >t $8$g$& 10 � 23 :; $7$c 10 � 8 5~ $1$$ 10 16 @6 $;$$ 10 � 22 A! $;$s 10 � 7 T6 $,$$ 10 20 6u $/$& 10 � 21 Hy $S 10 � 6 [A $8$g 10 24 5u $-$g 10 � 20 9z $3$D 10 � 5 >w $8$g$& 10 28 O;FA $j$C$H$/ 10 � 19 ;e $7 10 � 4 9B $3$& 10 32 ;&Fa $;$D$J 10 � 18 LS $b$& 10 � 3 4B $+$s 10 36 CF;X $@$s$7 10 � 17 NR $j$s 10 � 2 @5 $;$$ 10 40 =VB) $7$e$s$=$/ 10 � 16 J, $V 10 � 1 :\ $5$$ 10 44 ?\gL $7$e$f 10 � 15 0l $$$A 1 6K $4$/ 10 48 mu=d $7$e$s$8$e$s 10 � 14 == $8$e$& 10 1 912O:; $4$&$,$7$c 10 56 dw8R $b$3 10 � 13 I4 $R$c$/ 10 2 0$ANc- $"$=$&$. 10 64 Gy $P$/ 10 � 12 @i $;$s 10 3 FaM3B> $J$f$? 10 72 ^] $S$g$& 10 � 11 K| $^$s 10 4 IT2D;W5D $U$+$7$. 10 80 T< $"$$ 10 � 10 2/ $*$/ 10 8 L5NLBg?t $‘$j$g$&$?$$$9$& 10 88 ?P $8$s 10 � 9 C{ $A$g$& 10 12 ?t$NC10L0lMw IbF0>.?tE@1i;;$NL>M@HT2s$N$?$a$K :#$^ $G $N 7W ;; 7k2L $r 8+ $k 8B $j!"I, $: $7 $b Ib F0>. ?t E@ 1i ;; $,K| G= $H $$ $( $J$$ $3 $H $, $h $/$o $+ $j$^$9!#$=$NM}M3$O!"IbF0>.?tE@1i;;$,!V6a;w!W$G$"$k$H$$$&$3$H$K$D$-$^$9!# $b$C$H $b!" M? $( $i $l $? Ld Bj $N7e ?t $J $i $P!" @: EY $r 4 G\@: EY $K $^ $G 3H D% $9 $k $3$H $G!" I, MW $J >pJs$,7gB;$9$k$3$H$J$/@5$7$$Ez$,F@$i$l$^$9!#%W%m%0%i%‘$rJQ99$7$F$_$^$9!# � � program ex3 real xr/665857.0E0/,yr/470832.0E0/ real*8 xd/665857.0D0/,yd/470832.0D0/ real*16 xq/665857.0Q0/,yq/470832.0Q0/ print*,’single precision : ’,xr**4 - 4*yr**2 - 4*yr**4 print*,’double precision : ’,xd**4 - 4*yd**2 - 4*yd**4 print*,’quadruple precision : ’,xq**4 - 4*yq**2 - 4*yq**4 end � � <B9T7k2L$O<!$N$h$&$K$J$j$^$9!# single precision : 7.2057594e+16 double precision : -16777216.000000000 quadruple precision : 1.000000000000000000000000000000000 4 G\ @: EY $K $J$C $F!" $h $& $d $/ @5 $7 $$ Ez $, F@ $i $l $^ $7 $?!# $? $@ $7!" 4 G\ @: EY $K $9 $l $P A4 $F 7W ;; $O Bg >f IW $H $$ $& $N $O 88 A[ $G!" A4 A3 @5 $7 $$ Ez $( $, =P $F $3 $J $$ 62 $m $7 $$ Nc $b :n $k $3 $H $, $G $- $^ $9!#<!$N@a$G$O$=$l$r>R2p$7$^$9!# 14

6 $b$&>/$7J#;($J7W;; � � !ZLdBj![ <!$NCM$r>.?tE@0J2< 6 7e$^$G7W;;$;$h 333 : 75 b 6 + a 2 (11 a 2 b 2 � b 6 � 121 b 4 � 2) + 5 : 5 b 8 + a 2 b (4) for a = 77617 : 0 and b = 33096 : 0 � � $3$l $/$i $$J# ;($K $J$k $H!"C/ $b ;f$H 1tI. $G7W ;;$7 $F$/ $l$^ $; $s!# b 8 $d a= (2 b ) $N <j7W ;;$K $O!"Hs>o$J:$Fq$,$D$-$^$H$$$^$9!#$3$&$J$k$H7W;;5!$N=PHV$G$9!# $A$J$_$K!" z = 333 : 75 y 6 + x 2 (11 x 2 y 2 � y 6 � 121 y 4 � 2) + 5 : 5 y 8 + x= (2 y ) $r x > 0, y > 0 $NHO0O$G?^$K$9$k$H!"0J2<$N$h$&$J \ $Y$A$c$C " $H$7$?6JLL$K$J$j$^$9!# z = 333 : 75 y 6 + x 2 (11 x 2 y 2 � y 6 � 121 y 4 � 2) + 5 : 5 y 8 + x= (2 y ) F ortran %W%m%0%i%‘$K:Y9)$r$9$k 0J2<$N :Y9)$O!" 1994 G/ 10 7n8=:_ $N F ortran %3 %s%Q%$ %i$N%P!< %8%g%s!"$* $h$S 7W;;5! F u- jitsu M1800/20 $N Ib F0 E@ 7A <0 $K 0M B8 $7 $F $$ $^$9 $N $G!" A4 $F $N 7W ;; 5! $G F1 $8 7k 2L$, F@ $i $l $k $o $1$G$O$J$$$3$H$r$"$i$+$8$a$4Cm0U2<$5$$!# (4) $r JQ 7A $7 $F!" 3F @: EY MQ $N 4X ?t $r :n $j $^ $9!# 7k 2L E* $K $O :Y 9) $K $J $k $N $G $9 $,!" ?t <0 JQ 7A $N>e$G$O2?$NLdBj$b$"$j$^$;$s!# f 1 ( a; b ) = 333 : 75 b 6 + 11 a 4 b 2 � b 6 a 2 � 121 b 4 a 2 � 2 a 2 + 5 : 5 b 8 + a= (2 b ) C1@:EYMQ f 2 ( a; b ) = (333 : 75 + 5 : 5 b 2 ) b 6 + a 2 (11 a 2 b 2 ) + a 2 ( � b 6 � 121 b 4 � 2) + a= (2 b ) G\@:EYMQ f 3 ( a; b ) = 333 : 75 b 6 + a 2 (11 a 2 b 2 � b 6 � 121 b 4 � 2) + 5 : 5 b 8 + a= (2 b ) 4 G\@:EYMQ f 1 = f 2 = f 3 15

0J2<$O4X?t f 1 , f 2 , f 3 $rMQ$$$F:n@.$7$?!"LdBj$N2rEzMQ%W%m%0%i%‘$G$9!# � � program ex3 real a1/77617.0E0/,b1/33096.0E0/,f1 real*8 a2/77617.0D0/,b2/33096.0D0/,f2 real*16 a3/77617.0Q0/,b3/33096.0Q0/,f3 external f1,f2,f3 print*,’single precision : ’,f1(a1,b1) print*,’double precision : ’,f2(a2,b2) print*,’quadruple precision : ’,f3(a3,b3) C function f1(a,b) real a,b f1=333.75E0*b**6+11.0E0*a**4*b**2 -b**6*a**2-121.0E0*b**4*a**2 & -2.0E0*a**2 +5.5E0*b**8 + a/(2.0E0*b) return end C real*8 function f2(a,b) real*8 a,b f2=(333.75D0 + 5.5E0*b**2)*b**6 + a**2*(11.0D0*a**2*b**2) & + a**2*( -b**6 -121.0D0*b**4 -2.0D0) + a/(2.0D0*b) return end C real*16 function f3(a,b) real*16 a,b f3=333.75Q0*b**6+a**2*(11.0Q0*a**2*b**2-b**6-121.0Q0*b**4-2.0Q0) & +5.5Q0*b**8 + a/(2.0Q0*b) return end � � 3F4X ?t $N <0$O!" ?t <0 $H $7$F $O F1 Ey$J $N $G!" ( JQ 7A $, $o$6 $H $i $7 $$$N $, B? >/5$ $, $+ $j $G$9 $, ) 7W;;7k2L$bF1$8CM$,0l1~4|BT$5$l$^$9!# <B9T$7$F$_$^$9!# single precision : 1.172603 6 double precision : 1.172603 9400531785 quadruple precision : 1.172603 940053178631858834904520183 %" %s %@!< %i %$ %s $N It J, $N 7 7e $O F1 $8 CM $G $9!# $3 $l $+ $i!" Ld Bj $N Ez $( $O 1 : 172603 $K $J $j $= $&$J5$$,$7$^$9!#$, ... 16

Mathematica $G$NM-M}?t7W;; $H$3$m$,!"$3$NIbF0>.?tE@1i;;$K$b>pJs$N7gB;$,@8$8$F$$$^$9!#??$NCM$O<B$O %^%$%J%9$NCM $r$H$j$^ $9!#$G $O!" algebraic computation $G exact $J7W ;;$r $7$F $_$^ $7$g$&!# <0$r$_ $F$* $o $+$j$N $h$& $K!"$3 $N7W ;;$O M-M} ?t$G %G!<%? $,F~ NO$G $-$^ $9 11 !# =>$C$F!" M-M} ?t1i ;; $rMQ $$$k $3 $H$G!"@5$7$$CM$r ( M-M}?t$N7A$G ) 7W;;$9$k$3$H$,2DG=$G$9!# 7W ;; %= %U %H $O!" $5 $- $[ $I $O CALC $r ;H $$ $^ $7 $? $N $G!" $3 $s $I $O Mathematica 12 $G 7W ;; $7 $^$9!# Mathematica $O!" ;M B’1i ;; $rM- M} ?t$G 9T $J$& $3 $H$, 2D G= $G$" $j!" $=$N 7k 2L$r >. ?tE@ 7A <0$GG$ 0U$N 7e $^$G I=<( $G $-$^ $9!#$? $@ $7!";D G0$J $, $i Mathematica $N HFMQ 7W ;;5! HG$b CALC $HF1MM$"$j$^$;$s!# � � In[1]:= a=77617 � � � � � Out[1]= 77617 In[2]:= b=33096 � � � � � Out[2]= 33096 In[3]:= 33375/100 b^6 + a^2(11 a^2 b^2 - b^6 -121 b^4 -2) + � � � � � 55/10 b^8 + a/(2 b) � � � � � 54767 Out[3]= -(-----) <--- exact value 66192 In[4]:= N[%,16] � � � � � <--- >.?tE@I=<( Out[4]= -0.827396059946821 <--- CM � � Ld Bj $O !V>. ?t E@ 0J 2< 6 7e $^ $G 5a $a $h!W $G $7 $?!# Mathematica $K $h $l $P!" Ez $O � 0 : 827396 $H$J$j!"$3$l$G@52r$G$9!# $3$l $O 6K C< $J Nc $@$H $7 $F $b!" Nc $( $P$3 $N CM $N @5 Ii $K$h$C $F 7W ;; %W %m %;%9 $, J, 4t $9 $k $J$I $N 2?$+Bg;v$JL\0B$H$7 $??tCM7W;;$r $7$F$$$k>l9g $O!"$=$N8e$N =hM}$K$h$C$F$O!" $H$s$G$b$J$$ 7k 2L$K$J$k2DG=@-$b$"$j$^$9!#$<$R!"$*<j;}$A$N%W%m%0%i%‘$r%A%’%C%/$5$l$F$OG!2?$G$7$g$&!# $3$N Nc $O!" Ib F0 >. ?tE@ 1i ;; $, A4 $/ ?.MQ $G $- $J $$ $3 $H$r <( $7 $F $$ $k $N$G $O $J $/ $F!" Ib F0>. ?t E@1i ;; $O I,$:$7$b?.MQ$G$-$J$$ $3 $H $N 0U CO 0- $J Nc $G $9!# ?t CM 7W ;; $K $* $1 $k @: EY J] >Z $N Fq $7 $5 $HBg;v$5$,B?>/$H$b$*$o$+$j$$$?$@$1$l$P9,$$$G$9!# 11 333 : 75 = 33375 = 100, 5 : 5 = 55 = 10 $J$I$HM-M}?tI=8=$G$-$^$9!# 12 Stephen W olfram $K$h $j 3+H/ $5$l $?HF MQ ?t3X =hM} %7%9 %F %‘!#9b EY$J 7W;; 5! G=!"?t <0=h M}5! G=!" #2<! 85!&#3 <! 85%0 %i%U%#%C %/ %9 5!G= $r M- $9$k!# $^ $?!" ?t <0$O F ortran, C, T E X %=!< %9$H $7 $F =PNO 2D G=!# %0%i %U%#%C %/ %9 =PNO $O P ostScript %3!<%I$G=PNO$5$l$k!# 17

7 $$$/$D$+$N<B83 $3$N@a$G$O!"?tCM7W;;$K$*$$$F$h$/9T$J$o$l$k1i;; 1. LU J,2r 2. O"N)0l<!J}Dx<0$N2rK! 3. 8GM-CMLdBj $K $D $$ $F!" 3F <o @l MQ $N %5 %V %k!< %A %s %i %$ %V %i %j $G 7W ;; $r 9T $J $$!" Ib F0 >. ?t E@ 1i ;; $N ?. Mj EY $r %A%’%C%/$7$F$_$^$9!# $b$A $m $s!" 7k 2L $O Nc Bj $d 2r K! $K 0M B8 $7 $^ $9 $N $G!" !VE, Ev $K $d$C $? %F %9 %H!W$H $7 $F!" $" $^ $j ??7u$K$J$i$J$$$h$&$K$*FI$_2<$5$$!# 5U9TNs$N:n@. ?tCM 7W ;; $N Cf $G!" 5U 9TNs <+ BN $r 5a $a $k $3 $H$O $= $l $[ $I B? $/ $"$j $^ $; $s!# M} M3 $O!" $b $H$N 9T Ns$, band matrix $G $"$C $F$b!" 5U 9T Ns$O 0l HL $K band matrix $G $O $J $/ full matrix $K $J $j!" Bg5,LO7W;;$K$^$H$b$K;H$C$F$7$^$&$H!" %a%b%j!<$,$9$0$KITB-$9 $k$?$a$H!" LU J, 2r$r$7$?9T Ns ( $3 $l $O band matrix $K $J$j $^ $9 ) $5 $( NN0h $K 3N J] $G $- $l $P!" O" N) 0l <! J} Dx <0$N 2r K! $N $? $a $K$o$6$o$65U9TNs$r5a$a$kI,MW$,$J$$$?$a$G$9!# $3$3$G$O F ortran $NAH$_9~$_4X?t $N@:EY$H!" LU J,2r $r$b$H$K$7$?5U9TNs:n@.%5%V%k!<%A %s%i%$%V%i%j$NM-8z@-$r%A%’%C%/$9$k$?$a!"<!$NNcBj$r [7] $+$i0z$$$F$_$^$7$?!# � � !ZLdBj![ <!$N n � n 9TNs A = ( a ij ) $N5U9TNs$r5a$a$h!# a ij = ( 2 n + 1 ) 1 2 sin( ij � n + 1 ) � � $3$N $H $- A $O orthogonal symmetric matrix $G!" 5U 9TNs $O A � 1 = A $H $J $j$^ $9!# $7 $? $,$C$F!"$b$H$N9TNs$H!"7W;;$7$FF@$i$l$?5U9TNs$N:9$,$=$N$^$^7W;;8m:9$H$J$j$^$9!# 7W;;$KMQ$$$?%3%s%Q%$%i$H%5%V%k!<%A%s$O<!$NDL$j$G$9!#$9$Y$F7W;;$OG\@:EY$G$9!# 1. F ortran77 EX + SSL I I SSL I I [5] $N %5%V %k!<%A %s$N D ALU $H DLUIV $rO" B3$7$F 8F$S =P$7 $F$$ $^$9!# DALU $O %/ %i %& %H K! $K $h $k LU J, 2r!" DLUIV $O LU J, 2r $5 $l $? 9T Ns $N 5U 9T Ns $r 5a $a $k %5 %V %k!<%A%s$G$9!# 2. F ortran77 EX + NUMP A C NUMP A C [6] $N%5%V%k!<%A%s$O!" MINVD $r;HMQ$7$F$$$^$9!#J}K!$O LU J,2rK!$G$9!# 3. gcc + utility Sun Sparc 10 $N%o!< %/%9%F!< %7%g%s $N gcc(C++) $K!" PR OFIL [8] $H $$$&%i %$%V %i%j $K$"$C$?5U9TNs$r5a$a$k utilit y $r;H$$$^$9!# 18

2<I=$O!" n = 10 $H n = 150 $K$D$$$F!"$b$H$N9TNs A = ( a ij ) $H!" n umerical computation $GF@$i$l$?9TNs B = ( b ij ) ( ?t3XE*$K$O A = B $N$O$:$G$9 ) $N8m:9 er r or $r er r or � max 1 � i;j � n j a ij � b ij j $G7W;;$7$?7k2L 13 $G$9!# n = 10 n = 150 F ortran + SSL I I 3 : 2058 � 10 � 15 5 : 4484 � 10 � 14 F ortran + NUMP A C 3 : 1503 � 10 � 15 1 : 2779 � 10 � 14 gcc + utilit y 7 : 2165 � 10 � 16 9 : 4386 � 10 � 15 I=$r8+$k8B$j!" gcc + utilit y $,<c43@:EY$,$h$$$_ $?$$$G$9$,!"$I$l$b$^$" $^$"$N@:EY$,F@ $i$l$F$$$^$9!# F ortran $N AH$_9~$_4X ?t$H!"5U9T Ns$r5a$a $k%5%V%k!<%A %s$NM%=( $5$,EA$o$C$F $-$^$9!# O"N)0l<!J}Dx<0$N2rK! O"N)0l<!J}Dx<0$N2rK!$H$7$F!" [7] $+$i>/$7@-<A ( $?$A ) $N0-$$LdBj$rA*$s$G$_$^$7$?!# � � !ZLdBj![ <!$NO"N)0l<!J}Dx<0$r n = 2 ; 8 ; 10 $KBP$7$F2r$1!# 0 B B B B B B B @ 1 � 10 � n � 1 1 � 1 1 � 1 1 � 1 1 � 1 0 0 1 0 0 � 1 1 C C C C C C C A 0 B B B B B B B @ x 1 x 2 x 3 x 4 1 C C C C C C C A = 0 B B B B B B B @ � 3 � 2 � 1 � 3 1 C C C C C C C A (5) � � (5) $N 2r $O!" @~7A Be ?t $r Bg3X ;~ Be $K=,$C $? ?M $J $i$P!" n $r L$ CN ?t $H$7 $? $^ $^4J C1 $K ;f $H1t I.$G5a$a$k$3$H$,$G$-$k$H;W$$$^$9!# Algebraic Computation Mathematica $r;H$C$F$b!"$3$NJ}Dx <0$O n $r$=$N $^$^$K$7$F2r$1$^$9!#<j=g $O!"0J2<$N$h $&$K6K$a$F4JC1$G$9!# doronpa% math � � � � � <--- Mathematica $N5/F0 Mathematica 2.0 for SPARC Copyright 1988-91 Wolfram Research, Inc. -- Terminal graphics initialized -- In[1]:= m= ff 1-10^(-n),-1,1,-1 g , f 1,-1,1,-1 g , f 1,-1,0,0 g , f 1,0,0,-1 gg � � � � � 13 87L)$K8@$($P!" er r or $N7W;;$K$b8m:9$,:.F~$7$F$$$^$9!# 19

-n Out[1]= ff 1 - 10 , -1, 1, -1 g , f 1, -1, 1, -1 g , f 1, -1, 0, 0 g , f 1, 0, 0, -1 gg In[2]:= LinearSolve[m, f -3,-2,-1,-3 g ] � � � � � <--- O"N)0l<!J}Dx<0$r2r$/ n n n n n Out[2]= f 10 , 1 + 10 , 4 + 3 10 + 2 (-1 - 10 ), 3 + 10 g In[3]:= Factor[%] � � � � � <--- 7k2L$r@0M}$9$k n n n n Out[3]= f 10 , 1 + 10 , 2 + 10 , 3 + 10 g In[4]:= Quit � � � � � <--- Mathematica $N=*N; Ez$($O$3$N7k2L$G@5$7$/!" (5) $N2r$O@53N$K 0 B B B B @ x 1 x 2 x 3 x 4 1 C C C C A = 0 B B B B @ 10 n 10 n + 1 10 n + 2 10 n + 3 1 C C C C A $G$9!#%Q%A%Q%A%Q%A!# Numerical Computation B3$$$F$O!" n umerical computation $r F ortran $G9T$J$$$^$9!#EvA3!" n $NCM$O7W;;$N2aDx $G6qBNE*$KM?$($kI,MW$,$"$j$^$9!#%5%V%k!<%A%s$O SSL I I $N DLAX $rMQ$$$F!"G\@:EY$G7W;; $7$^$7$?!# n=2 7W;;7k2L ??$NCM 100.00000000000005 100 101.00000000000005 101 102.00000000000005 102 103.00000000000005 103 n = 2 $N>l9g!"$[$\??$NCM$H6a$$7k2L$,F@$i$l$^$7$?!#$=$l$G$O n $rBg$-$/$7$F$_$^$9!# n=8 7W;;7k2L ??$NCM 100000000.05263561 100000000 100000001.05263561 100000001 100000002.05263561 100000002 100000003.05263561 100000003 7W;;8m:9$,>.?tE@ItJ,$r$+$J$j1x$7$F$$$^$9!#$b$C$H n $rBg$-$/$7$F$_$^$9!# 20 n=10 7W;;7k2L ??$NCM 10000000560.375102 10000000000 10000000561.375102 10000000001 10000000562.375102 10000000002 10000000563.375102 10000000003 $H$&$H$&@0?tItJ,$K$^ $G8m:9$,?/?) $7$F$7$^$$$^ $7$?!#IbF0>.?t E@1i;;$G$O$3 $N$"$?$j$,8B 3& $N$h$&$G$9!# V eri�ed Computation <!$O!" $3 $N O" N) 0l <! J} Dx <0 $N7W ;; $r!" @: EY J] >Z IU $- $N%= %U %H %&%’ %" $G 9T $J $$ $^ $9!#;H MQ $7 $?$b$N $O Ham burg-Harburg 9)2J Bg 3X$N Olaf Kn � upp el $5$s $, C++ >e $K 9=C[ $7 $? PR OFIL ([8]) $H$$$&%i%$%V%i%j$G$9!# PR OFIL $K$O!"M? $($i$l$?O"N) 0l<!J}Dx<0$N 2r$r!"6h4V$N=89g $H$7$FJq$_9~ $‘ solv er $, AH $_9~$^$l$F$$$^$9!# 86M}$O S. M. Rump $5$s$N<! $NDjM} (cf.[9]) $r!"6h4V:nMQ AG$N7A$G<B 8=$7 $?$b$N$G$9!#DjM}$@$1$r1Q8l$G>R2p$7$^$9!#5-9f$N@bL@$O%Q%9$5$;$F$$$?$@$-$^$9!# � � Theorem Let A 2 I PI R n � n , B 2 I PI R n b e given and let ~ x 2 I R n , R 2 I R n � n , ; 6 = X 2 I PI R n , X b eing compact. De�ne Z = R � ( B � A ~ x ) and C = I � R � A ; L ( X ) = Z + C � X ; all op erations b eing p o w er set op erations. If L ( X ) � int( X ) then R and ev ery A 2 I R n � n , A 2 A is nonsingular and for ev ery b 2 B the unique solution ^ x = A � 1 b satis�es ^ x = ~ x + L ( X ) : � � $3$N DjM} $K $h$C$F 2? $,8@ $( $k$N $+ $H$$ $& $H!"Ib F0>. ?t E@1i ;; $GF@ $i $l$? Ax = b $N6a ;w 2r ~ x $H??$N2r ^ x $H$N8m:9I>2A$,!"9TNs A $N2D5U@-$r4^$a!"7W;;5!$NCf$G8!>Z$G$-$^$9!# 7W;; 7k 2L $O 6h 4V $N 7A $G I= 8= $5 $l!" L ( X ) � int( X ) $H $$ $& 8! >Z >r 7o $, K~ $? $5 $l $? >l9g!" 6h 4V ~ x + L ( X ) $N Cf$K O"N) 0l<! J} Dx<0 $N2r $, I,$: B8:_ $9$k $3 $H$r!" >e$N $d$d $3 $7$$ DjM} $,J] >Z $7$F$$$^$9!# 0J2<$O!"3F n $KBP$7 PR OFIL $G9T$J$C$? v eri�ed computation $N=PNO7k2L$G$9!# n=2 [ 99.99999999999959, 100.000000000001] [100.9999999999996 , 101.000000000001] [101.9999999999996 , 102.000000000001] [102.9999999999996 , 103.000000000001] 21 n=8 [ 99999999.11763082, 100000002.0978633] [100000000.1176306 , 100000003.0978635] [100000001.1176306 , 100000004.0978635] [100000002.1176308 , 100000005.0978633] n=10 [9999991201.131073, 10000029348.54311] [9999991201.971003, 10000029349.70318] [9999991202.971003, 10000029350.70318] [9999991204.131073, 10000029351.54311] 6h4V 2r @O $K >\ $7 $$ J}$J $i $4 B8 CN $N MM $K!" 6h4V 2r @O $O !H:G 0-!I $N >l9g $r A[ Dj $7 $? 1i ;; $NDj 5A $,$5$l$F$$$^$9!#$=$N $?$a!"5a$a$k2r $NB8:_$,J] >Z$5$l$?6h4V $rDs<($5$l $F$b!"6h4VI}$,!" >e $N n = 10 $N$h$&$K9-$,$j2a$.$F!"$"$^$j0UL#$,$J$/$J$k>l9g$b$"$j$^$9!# 8fMw $N $h $& $K!" v eri�ed computation $O!" $" $/ $^ $G !V6a ;w!W $K 2a $. $J $$ IbF0 >. ?t E@ 1i ;; $K Hf$Y!"O"N)0l<!J}Dx<0$N>l9g$O2r@OE*$JDjM}$K4p$E$/@:EYJ]>Z$rM?$($F$$$kJ,$@$1!" algebraic computation $K6a$$$H$$$($^$9!# 8GM-CMLdBj :G 8e $K!" $3 $l $b ?t CM 7W ;; $N 2& F; $H $b $$ $( $k 8G M- CM 2r @O $N Nc Bj $G Numerical Computation $N%"%i$rC5$7$^$9!#LdBj$O [10] $+$iGR<Z$7$^$7$?!# � � !ZLdBj![ <!$N n � n 9TNs A $N8GM-CM$r5a$a$h!# A = 0 B B B B B B B B B B B B B B @ 1 � 1 � 1 1 1 � 1 0 . . . . . . . . . . . . 1 1 � 1 0 1 0 0 1 2 1 C C C C C C C C C C C C C C A (6) � � (6) $r 8+ $k 8B $j!" $= $l $[ $I 8m :9 $, :. F~ $9 $k $h $& $K $O 8+ $( $^ $; $s!# 8G M- CM 2r @O $N %5 %V %k!< %A %s$O NUMP A C $N HEQR VD $r;HMQ$7$^$7$?!# n = 17 $N>l9g$N7W;;7k2L$r8+$F$_$^$9!# Eigenvalue 1.1322859860 1.1229217217 � 0.0484689972i 1.0963368694 � 0.0897980776i 1.0566992036 � 0.1181569137i 22

1.0099364473 � 0.1299194454i 0.9626498727 � 0.1240285995i 0.9210696786 � 0.1018650121i 0.8902963972 � 0.0667226311i 0.8739468165 � 0.0232084483i =PNO7k2L $r8+$k$@ $1$G$O!" 8GM-CM$O J#AG?t $G!"J#AGJ? LL>e z = 1 $rCf ?4$K$0 $k$j$HJ, I[$7 $F$$$k$h$&$G$9!#?tCM 7k2L$b6KC<$K Bg$-$JCM$G $O$J$/!"7W;;$b G\@:EY$G9T $J$C$F$$$^$9$N $G!" $3$l$G??$NCM$KAjEv6a$$CM$,F@$i$l$?$H4|BT$5$l$^$9!# $H$3$m $, exact $J A $N8G M-CM $O!"B? =EEY n $G 1 $K $J$k $3$H$, $9$0 $K3N $+$a $i$l $^$9!# $3 $N>l9g n = 17 $G$9$N$G!" A $N8GM-CM$O 1 $, 17 8D$:$i$C$H=P$F$/$k$N$,@52r$G$9!# Mathematica $G7W;;$7$F$_$^$9!# (6) $r%U%!%$%k$K:n@.$7$F$*$-!"FI$_9~$^$;$^$9!# � � In[1]:= ReadList[‘‘matrix.data’’, Number, RecordLists -> True] � � � � � Out[1]= ff 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1 g , : ( 9TNs$NI=<( ) : In[2]:= Eigenvalues[%] � � � � � <-- 8GM-CM$N7W;; Out[2]= f 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1 g � � 8+;v$K@5$7$$7k2L$,F@$i$l$^$7$?!# $3 $N!" Ib F0 >. ?t E@ 1i ;; $N ?. Mj @- $r Bg $$ $K <: DF $5 $; $k Nc Bj $r $3 $7 $i $( $? Rump $5 $s $O [10] $NCf$G!"!V$3$N$h$&$J%(%i!<$O$^$l$G$"$k!#$7$+$7 W. M. Kahan $N8@MU$K<*$r79$1$k$Y$-$G $"$k!W$H!"K\9F$NKAF,$K$"$2$?%;%j%U$r0zMQ$7$F$$$^$9!# F|K\8l$K$9$k$H$3$s$J0UL#$G$9!# 7W ;; 7k 2L $H ??$N CM $, M- 8z @- $r <:$& $[ $I $N IT 0l CW $r5/ $3 $9 $3 $H $O 6K $a$F $^ $l $G $" $k!# $" $^$j$K$^$l$G$"$j!";O=*$=$N$3$H$r?4G[$9$kI,MW$O$J$$!# $?$@$7!" L5;k$G$-$k$[$I$^$l$G$b$J$$ !# 8 $*$o$j$K | 5f6K$N7W;;$H$O | K\9F$G$O!"?tCM7W;;$K4X$o$k$$$/$D$+$NNc$r!" \ @:EYJ]>Z " $H$$$&;kE@$+$i8+$F$-$^$7$?!# 7W;;5!%O!<%I$H?tCM7W ;;%=%U%H$NHt LvE*$JH/E8$O!" $R$H@NA0$O <j$bB-$b=P$J $+$C$?Bg5,LO7W ;; $r<!!9$K2DG=$K$7$F$$ $^$9!#$5$i$K!"6a G/$O=>Mh$N IbF0>.?tE@1i ;;$K%W%i%9 $7$F!"6h4V1i;; $d M-M} ?t 1i ;; $r <h $j F~ $l $? %i %$ %V %i %j $b EP >l $7 $F $* $j!" ?t CM 7W ;; $O Bg 5, LO + IJ <A J] >Z $H $$ $& ;~ Be$K4{$KFMF~$7$F$$$^$9!# $G $O :G 8e $K!" $3 $l $^ $G $" $2 $? 7W ;; $N J, N‘ $K $^ $@ F~$C $F $$ $J $$ \ 7W ;; " $, $" $k $3 $H $r >R 2p $7 $F!"$"$H$, $-$K $+$( $?$$$H ;W$$ $^$9!# 0J2< $NAP;R $N9T $J$& \ 7W;; " $N;E AH$_ $,$o$+ $l$P!" $_$J $5$s$,:c $($? ;~$K9T ;H$5 $l$k \ D>4Q " $N @5BN $b2r L@$5$l $k$N $G$O!" $H;d$O 8D?M E*$K 9M$($F $$$^ $9!#$,!"$b$7$+$7$?$i$3$N;E;v$OE/3X<T$N;E;v$+$b$7$l$^$;$s!# 23

AG?t$N$*OC AG?t (prime n um b er) $H$O!" $4B8 CN $N$h $&$K!" 1 $H$= $N?t <+ ?H$G $N$_ 3d $j@Z $l$k <+ A3?t $G $9!#>.$5$$=g$K$J$i$Y$k$H 2 3 5 7 11 13 17 19 23 � � � $H$$$C$?$b$N$G$9!# 8=:_!"$"$k<+A3?t$,AG?t$G$"$k$+H]$+$r0lH/$GH=Dj$9$kJ}K!$OCN$i$l$F$$$^$;$s!# AG?t$r 8+$D$1 $kM#0l COF;$J J}K!$O!" M?$($i $l$??t 0J2< $N ( $?$/ $5$s$" $k ) AG?t $G!"$=$N ?t$, 3d$j@Z$l$J$$$3$H$r=gHV$K3N$+$a$F$$$/$H$$$&$b$N$G$9!# Nc$($P!" 697 $O 17 � 41 $HAG ?t$I$&$7$KJ, 2r$G$-$k$N $G!"AG?t$G$O $"$j$^$;$s!#$3 $l$/$i $$$J$i2?$H$+H=Dj$G$- $^$9$,!"!X 19937 $OAG?t$+!)!Y $HJ9$+$l$k$H!" $&$J$j$J$,$i ?tI=$r$R$C $/$jJV$9$7$+J}K!$,$J$/$J$k$G$7$g$&!# Mathematica $K$O AG?tH= Dj5!G= $,$"$j $^$9$,!" CM$,Bg $-$/ $J$k$H!" CJ!9%l%9 %]%s%9 $,CY$/ $J$C$F $- $^ $9!# $^ $7 $F!" ;f $H 1t I. $G $b$C $F!" $? $H $( $P 10 7e $/ $i $$ $N <+ A3 ?t $, AG ?t $+ $I $& $+ $r H=Dj$9$k$3$H$O!"2>$K=PMh$?$H$7$F$bKDBg$J;~4V$,$+$+$j$^$9!# $H $3$m $,!" ?4 M} 3X <T %* %j %t%!!<!& %6%C %/ %9 $5 $s $N Js 9p $K $h $k $H!" @$ $N Cf $K $O!" 2? $i $+ $N J} K!$G ( $7$+$b0E;;$G ) AG?t$NH=Dj$r$*$3$J$&?M$,B8:_$9$k$N$G$9!# %^%$ %1 %k $H %8%g %s $H$$ $& AP ;R $, %" %a%j %+ $N $" $k =# $N;\ @_ $K <} MF $5 $l$F $$ $^ $9!# AP ;R $K$D $$ $F$N0e;U$N?GCG7k2L$O!"<+JD>I!&@:?@0[>o etc. $G$9!# $"$k F| %6%C %/ %9 $5 $s$O!" Fs ?M $, It 20 $N6y $G K~ B- $= $& $K5$ L# $N 0- $$ >P $_$r Ib $+ $Y $J $, $iO; 7e $N?t;z$r;f$K=q$$$F 6=$8$F$$$k$N $r8+$D$1$^$7 $?!#%6%C%/%9$5 $s$O$=$N$$$/ $D$+$r<L$7!"8e $G ?t3X$NK\$GD4$Y$F$_$k$H!"$9$Y$FAG?t$H$$$&$3$H$,$o$+$j$^$7$?!#$G!" Mb F|!" Fs ?M $N %2!< %‘ $N Cg 4V F~ $j $7 $?!# A0 F|?t I= $+ $i <L $7 <h$C $F $* $$ $? H, 7e $N AG ?t $r 0l $D $$ $- $J $j Fs ?M $K FM $-$D $1 $?!# Fs ?M $O $S$C $/ $j $7 $? $h $& $KH‘ $r D/ $a!" ;0 == IC $P $+ $j $= $N ?t $r 8+ $F $$ $?!# $= $l $+$i 4i $r >P $$ $G $$$C $Q $$ $K $7 $?!# <! $KFs ?M $O 6e 7e $N AG ?t $N 8r 49 $r ;O $a $?!# %6%C %/ %9 $O!" $1 $7 $+ $1 $F == 7e $K $b D) $^ $; $?!# %6%C %/ %9 $N 6C X3 $O B3 $$ $?!# $7 $P$i$/D@L[$,$"$C$F!"%8%g%s$OH‘$K==Fs7e$N?t$r0l$D<($7$?!#3NG’$N<jCJ$O$J$+$C$?!# ?t I= $K $O == 7e $^ $G $7 $+=P $F $$ $J $$!# $7 $+ $7!" H‘ $O $= $l $, AG?t $G $" $k $3 $H $r 5? $o $J $+$C $?!#$=$l$+$i0l;~4V8e!"7;Do$OFs==7e$N?t$N8r49$r;O$a$?!# Colin Wilson & Damon Wilson \The Encyclop edia of Unsolv ed Mysteries" 4X8}FFLu Colin Wilson $5$s $O!"!VAP;R $O%6%C %/%9$, H,7e $NAG?t $rFM$- $D$1 $?;~$N ;0==IC $ND@ L[$G2? $r$7$F$$$?$N$+!)!W$H$$$&Ld$$$rEj$2$+$1$F$$$^$9!# $O$?$7$F!"AP;R$O$3$N;0==IC4V!"2?$r!H7W;;!I$7$F$$$?$N$G$7$g$&$+!# ;29MJ88% [1] 9bLZDg<# : 2r@O35O@ , 4dGH=qE9 (1939). [2] 8M@nH;?M : ?tCM7W;; , >pJs=hM}F~Lg%3!<%9 7, 4dGH=qE9 (1991). 24

[3] Cf Hx =< 9( : @: EY J] >Z IU $- ?t CM 7W ;; $N 8= >u $H F0 8~ , >p Js =h M} , V ol.31, No.9, 1177{1190 (1990). [4] F orsythe, G.E., Malcolm, M. A. and Moler, C. B. : Computer metho ds for mathematic al c omputations , Pren tice-Hall, Inc. (1977). [5] SSL I I ;HMQ<j0z=q!J2J3XMQ%5%V%k!<%A%s%i%$%V%i%j!K 99SP{0050, IY;NDL3t<02q<R (1980). [6] %i%$%V%i%j!<!&%W%m%0%i%‘MxMQ$N<j0z ( ?tCM7W;;JT : NUMP A C ), L>8E20Bg 3XBg7?7W;;5! %;%s%?!< (1989). [7] Gregory , R. T. and Karney , D. L. : A c ol le ction of matric es for testing c omputational algorithms , John Wiley & Sons, New Y ork (1969). [8] Kn � upp el, O. : PR OFIL | Pr o gr ammer’s runtime optimize d fast interval libr ary , Beric h te des F orsc h ungssc h w erpunktes Informations- und Komm unik ationstec hnik, TUHH (1993). [9] Rump, S. M. : Solving algebraic problems with high accuracy , in Kulish, U. W., and Mirank er, W. L., editors, A New Appr o ach to Scienti�c Computation , Academic Press, New Y ork, 51{120 (1983). [10] Rump, S. M. : V eri�c ation metho ds for dense and sp arse system of e quations , Beric h te des F orsc h ungssc h w erpunktes Informations- und Komm unik ationstec hnik, TUHH (1993). [11] Gp LZ 2m 1Q , Bg @P ?J 0l : 6h 4V2r @O $H M- M} ?t1i ;; $K $h $kHs @~ 7A J} Dx<0 $N 6a ;w 2r$N @: EY J] >Z , ?t M}2r@O8&5f=j9V5fO? 831, 5~ETBg3X?tM}2r@O8&5f=j , 53{72 (1993). 0l8+!"?tCM7W;;$r$d$C$F$$$=$&$JC<Kv$N2hLL 25