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Abstract

This paper is an extension of the preceding study(Nakao, this journal, 1991) in which we de-
scribed a numerical verification method of the solution for one-space dimensional parabolic prob-
lems, to the several-space dimensional case. Here, the numerical verification means the automatic
proof of the existence of solutions to the problems by some numerical techniques on a computer.
We reformulate the verification condition for nonlinear parabolic initial boundary value problems
using the fixed-point problem of a compact operator on certain function spaces. As in the preced-
ing study based upon a simple C° finite element approximation and its constructive a priori error
estimates, a numerical verification procedure is presented with some numerical examples.
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1. Introduction

In recent years, several techniques have been developed to use computers in proving existence
and/or uniqueness of exact solutions for functional equations. In particular, there are not a few
approaches for ordinary differential equations and some of them have already attained sufficiently
practical level(e.g., [4]). For partial differential equations, such techniques have been studied in [6-
8,11,12,14,15] for the elliptic case, as well as in [9,10] for evolution problems. The term verification
implies that we can verify the exact solution near the approximate solution without any a priori
assumptions on the existence of solutions of the original problem.

In the previous report [9], we proposed an approach to the numerical proof of existence of solutions
for nonlinear parabolic initial boundary value problems of one space dimension. However, there were
some theoretical difficulties in applying the method to several-space dimensional case. The present
paper is a further improved version which overcomes such difficulties as well as contains some additional
refinement.

First, setting appropriate function spaces, we reformulate the problem to be considered as the
fixed-point of a compact operator. Next, we introduce, as in [9], the concepts rounding and rounding
error, which enable us to treat the infinite-dimensional problem by a finite procedure, i.e., by com-
puter. They are defined by the C? finite-element approximation and the computable error estimates
for some simple linear parabolic problem. Using these concepts, we give the computational verifica-

tion conditions and describe the actual verification procedures in computer. Finally, some numerical



examples for the two-space dimensional case are illustrated.

2. Problem and fixed-point formulation

Consider the following nonlinear parabolic problem:

0

8_1; —Au = f(x,t,u,Vu), (z,t) € Q x J,
u(z, t) = 0, (x,t) € 90 x J, (1)
u(z,0) = 0, x € ),

where €2 is a convex bounded domain in R", 1 < n < 3, with piecewise smooth boundary 92 and
J = (0,T) with T > 0. Set Q@ = Q2 x J. We denote the usual and the time-dependent Sobolev
spaces by H® = H*(Q) and H"(J; H®), respectively (see [3]). Furthermore, we set Hy = L*(J; H})
and H = H'(J; H}) N L*>°(Q), where H{ denotes the subspace of H! with homogeneous boundary
condition. The norm on H is defined by

ullar = [l g;my) + llellze(q)-

Also define
H = {ue H| %ir% u(t) = 01in L>(Q) and %in% Vu(t) = 0in L*(Q)}.
From now on, we use the abbreviations || - || = || - [[z2(g) and || - [la = || - || 22(0)-

We now suppose the following assumptions on f in (1):

(A1) For each bounded subset U of H, f(-,U,VU) = {f(-,u,Vu) | u € U} is also bounded in
H'(J; L?).

(A2) For each bounded subset U of H, f is a continuous map from U into H'(J; L?) in the H-norm
as well as into L?(.J; L?) in the Hp-norm.

(A3) f(0) = %ir%f(-,t, u, V), in L2(2) sense, belongs to H{(€2) for any u € H.

The typical example of f satisfying above assumptions is, when n = 2,
f(ac,t,u,Vu) =p Vu+qum +¢7

where p, ¢, ¢ are bounded and smooth functions on @ such that ¢(-,0) € HZ ().
Now for all g € L?(Q x J), define ¢ = Ag € H'(J; L?)n L*(J; H> N H}) by

P
gf—M = g, (z,t) € Q x J,
¢(z,t) = 0, z,t) € 90 x J, (2)

Then we have the following property.
Lemma 1. The map A defined above is continuous from L?*(J;L?) to H'(J; L*) N L*(J; H?> N HY)
as well as from H'(J;L?) to H. Furthermore, if g € H*(J; L?) then Ag € H.



Proof. In this proof, we use the symbol C' to denote a generic positive constant not necessarily the
same in any two places. The continuity from L2(.J; L?) to H'(J; L2)NL?(.J; H*N H}) is followed easily
by a standard argument, e.g., [5]. We now show the continuity from H'(J;L?) to H. Differentiating

both sides of (2) in ¢, it is seen that ¢; is a solution of the following equation:

%—Av = g, (z,t) € Q x J,
v(z,t) = 0 (z,t) € 0 x J, (3)
v(z,0) = g(-,0) z €,

Hence, we have(cf. [5]), for a positive constant C,

Vel < Clg (- 0)l + llgel ) < Cllgllm(s:z2). (4)

Further, by the imbedding H? — L* and the well known estimates for the function in H2N H{} (e.g.,

[2]), we have, for almost everywhere (z,t) € Q x J,

(1))

IN

C’|¢(at)||H2 < CHA(b(,t)HLZ
C(16:C DI + 19 DI < Cllgllm 22y,

IN

where C is a certain positive constant. Here, we have used the a priori estimates for the solution of
(2) (e.g., [5]) and the following identity:

t
o) = 90,0+ [ il )ds.
Next, the continuity of ¢ in ¢ implies that
tn 16+, )= < limn ClIAG(- 1)1 = CIIAG( )|z = .
Also using the results in [5], particularly [5, Lemma 2.2], we have
t
IV ()72 < IV (- 072 + C/O lg(:,9)l[72ds.

Since the right-hand side of the above tends to 0 as ¢ — 0, we have ¢ € H. 0
We now define the weak solution for (1) as u € H satisfying

(u;v)0 + (Vu, Voo = (f(, u, Vu),v)q, S H(}a ted (5)

Here, (-,-)q implies the L? inner product on €. Then the weak solution of (1) can be rewritten in

the fixed-point form: find u € H such that

u=Af(-,u, Vu).
Then we obtain the following condition of existence of solution for (1) corresponding to [9, Theorem 1].
Theorem 2. If there exists a convex and monempty subset U C H which is bounded in H and

satisfies

Af(> U7VU) C U)



then there exists a solution u € U° N H to (1). Here, U° means the closure of U in Ho-norm.
Proof. Note that U is a bounded subset in H. Indeed, this can be shown as below.
First, set M = sup||4||g. For each fixed u € U, let {u,} be a sequence in U such that u, — u
PpelU

in Hy as n — oo. By the weak compactness of U C H'(J; H}), there exists a subsequence {tn, } of
{un} and an element @ € H'(.J; Hj) such that u,, — u (weakly) in H'(J;Hg) as j — oco. It also
implies [18] that, from the compactness of imbedding H'(J; Hy) — L*(J; L?), up, — @ in L*(J; L?)
as j — oo. On the other hand, since u,, converges to u in L?(.J; L?), we have u = .

Also, the property of weak limit yields that
||U||H1(J;H3) < lijrggolf”unj”Hl(J;Hé) < M.

Furthermore, ||u|[z(g) < M follows from the fact that there exists a subsequence of {u,}, bounded
by M, which converges to u in pointwise for almost everywhere in ). Therefore, from the assumption
(A2) and Lemma 1, it is seen that the composite map Af : U — HY(J;L?) N L*(J; H?> N HY) is

continuous in Hyp-norm. Thus we have
Af(-, 0%, VD) = Af(0°) c Af(0) c O°.

Since, using the compactness of the imbedding H'(J; L?) N L*(J; H?) — Hy, Af is a compact map
on the bounded, convex and closed subset U in Hy, by Schauder’s fixed-point theorem, there exists
an element u € U° such that u = Af(-,u, Vu). Moreover, noting that U’ C H, from the assumption
(A1) and Lemma 1, we have Af(-,u, Vu) € H which implies v € U° N H. 0

3. Rounding and verification conditions

Most of this section is similar to the description in the corresponding part of [9].
First, for parameter h, 0 < h < 1, let S, ;, C H3(Q) and Sy, C HY(J) = {v e HY(J) | v(0) = 0}

be the piecewise linear finite-element subspaces on €2 and J, respectively, satisfying

inf |[u—x|[g1 < Crhlulg2(q), Yu € H* N Hy, (6)
Xesz,h 0
and ~
C2h2||1'3||Lz(J), Yo € H*(J)n H'(J),
inf [jv —7|[2 < (7)
77€5t,h . 71
CShH,UHLz(J)a Vv e H (J)7

n

o°u . .
where |ug2(q) = Z HMH% Here, C;-C3 are supposed to be positive constants which can be
19T

l’]:]‘
numerically determined independent of h.

We now adopt Sj, = Sy 4 ® Sy, as the approximation space on € X .J. Then, for g € L2(J; L?), the
rounding u" = R(Ag) € S}, as

T T
/ (', v)e, + (Vul, Vo)g }dt :/ (g,0)adt, v € Sh. (8)
0 0



It is easily seen that there exists a unique u” satisfying (9).

Then we have the following explicit error estimates corresponding to the result in [9].

Lemma 3. Forg € H'(J;L?) with g(-,0) € H{, let u and u® be solutions of (2) and (9), respectively.

Then, there exists a positive constant C' such that

IV (u—uM)| < Ch, (9)
where C' = C(g, ||u?||) is given by
C? = 2{ K, (C?Ky + Co\/K3) + (C1 K5 + C3/K4)? /2, (10)
where .
Ky = lgll + [lugll,
Ky = 4gll,
11
Ky = VoGOl + o ()
Ky = (llgC,0)[lg + llgl* + llgell*) /2

The proof is quite analogous to that of [9, Lemma 2].

Thus, based upon the error estimates in Lemma 3, we define the rounding error RE(Ag) as
RE(Ag) = {¢ € H | ||¢llm, < Ch}, (12)

where C' is the same constant as in Lemma 3. Moreover, R(AG) and RE(AG) for the set of
functions G C H'(J;L?) with G(-,0) C H} are defined as R(AG) = {R(Ag) | ¢ € G} and

RE(AG) = U RE(Ag), respectively.
geG

Now let {¢;};=1,... s be a basis of S, and let Sy, ; denote the set of all linear combinations of {¢;}
M

with interval coefficients. That is, ¢ = Z[Aj,zj]d)j € Sp,r means that
i=1

M
on={on € Sp | dn=>_ajd;, aj €[A;,A;], 1 <j< M}
=1

And for « € R, set [o] = {¢ € H | 1]z, < a}. Further, for Uy, € Sy, 1 and o, 8,7,6 € RT, we define

D(Un, )5 = {6 € H | ¢ € Uy + [a] with [|¢e| < B,[[Ver|| <, |8]l1(0) < 8}-

Then we have the following verification condition.

Theorem 4. Let U = D(Up,a)p,,5 be a subset in H for some Uy, € Sn1 and o, B,v,6 € R defined
above, and set G = f(-,U,VU). If the followings are valid, then there exists a solution u € U to (1).

R(AG) C Uy, (13)
IRE(AG)||n, <« (14)

Gl < 8, (15)
ClGIm sy < 7 (16)
ClGI sy < 6 (17)

5



Here, the constants C and C are the same as defined by (4) and (5) in the proof of Lemma 1,
respectivey. And the norm for set of functions implies the supremum value for all elements.
Proof. Note that, for any ¢ € G, by the conditions (14), (15) and the definition of R(Ag) and
RE(Ag), we have

R(Ag) + RE(Ag) € Uy + [a].

Also taking notice of the a priori estimates in [5] and the estimates (4) and (5), assumptions (16)-(18)
yield that

1(Ag)ell < 8, 1[V(Ag)ell <, [1AgllL>(q) <6,

respectively. Therefore, Af(-,U,VU) C U holds. Thus by Theorem 2, there exists a fixed-point u of
Af in U° N H. Finally, from the proof of Theorem 2, we have u € DUy, )45

4. Verification procedure in computer

In this section, we describe a concrete algorithm for the generation of the set which satisfies the
verification conditions (14)-(18). We use an iterative procedure similar to that in [9].

First, ug € Sy, and ag € RT are appropriately taken, normally, ulg is chosen as a finite-element

solution of (1) and as ag = 0. Also we set 8o = |[(ub)ell,v0 = |[(Vul)i|], 60 = ||’LL0HL00 (@) and
Uo = D({ug}, 0) 8y, 1y0,60-

M
Next, let & be a small and fixed positive number. When i > 1, for ul | = Z[A(Z 2 A(Z 1)]q§], set
J=1
(4G _ 6D
ﬂ?fl = Z[AJZ - saAj + 6]¢j7 (18)
i=1
Q-1 = a1 +te, (19)
Bisi = Bii+e, (20)
Yi-1 = vi-1te, (21)
~ C
i1 = 6i,1+56. (22)
And set U; | = D@t ,,&@; 1) ~ + |, ie., e-inflation of U; 1 (cf. [16]). We now determine the

Bi—1,%i—1,6i—1
ith iteration U; = D(ul, @;)B; ~.,6; by choosing ult € Sn1 and o4, B, 7i,6; € RT as

T _
/{ e dj)a+ (Vul,Vej)aldt > /O(Gifla(ﬁj)ﬂdt; 1<3< M, (23)
a; = hC(Gio, |[(AGi—1))), (24)
Bi = |Gl (25)
Vi = éHéi—lHHl(J;L?), (26)
C
62' - ="Yi5 27
5" (27)

where G;_1 = f(+,Ui_1, VU;_1), and C,C and C are constants appeared in (10), (4) and (5), respec-

tively. Here, the right-hand side of (24) is evaluated as intervals in the over-estimated sense as in



[9] (see also [6-8], etc.). Then (24) is reduced to solving a system of linear equations with interval
right-hand side. And thus u/ is determined by an interval vector solution of such an equation using
the usual interval approaches(e.g., [1,13,16]).

Now, from Theorem 4, we have the following condition of the completion of the verification.

Theorem 5. If, for some integer N,
uly Caly ay < an-1, Bn < Bn-1 and YN < YN-1,
then there exists a solution u of (1) in Uy, where Uy = D(ul, QAN) By O -

Remark 6. Note that the inequality 5 < 5~N—1 necessarily holds from the condition in the above the-
orem. Indeed, this is easily checked by some simple calculations using the definition of the e-inflation
for é;, i.e.(23).

5. Verification examples

We consider the following nonlinear equation with two-space variables in a rectangular domain:

ug — Au = p-Vu+u?+rsint, (z,t) € Qx J,
u(z,0) = 0, x €, (28)
u(x,t) 0, (x,t) € 9 x J,

where ©Q = (0,1) x (0,1) and J = (0,1). Also, p = (p1,p2), A and r are given constants.

Let 6, : 0 =xp < 1 < --- < xp =1 be a uniform partition of the interval (0,1) in the z-direction
and, for simplicity, we set 6, = 6, and 6; = 6. Then h = 1/L. Let M;(z) denote the set of continuous
piecewise linear functions on (0,1) in the z-direction and set S, = {v € M (z) | v(0) = v(1) = 0}, S,
the same in y-direction. Also set S; 5 = S, ® S,. Thus, setting S, = {v € M (t) | v(0) = 0}, define
S = Sup @ Sep.

Then, by using well known results (e.g., [6,17,19]), the values of constants Cy - C5 in the section

3 can be taken as
C1:1/7r, 02:1/7(2, 03:1/’/1'.

We also adopt the usual hat functions as the basis of Mj(k), where k = z,y and ¢.
Now we add some remarks on the actual computation of the right-hand sides of (24)-(28)(cf. [9]).
For example, for an arbitrary o € [&@;_1], ||o?|| can be estimated as below.

First, using the imbedding constant [7] for H'(Q) — L?(Q), we have, for any 1 < p < oo,
e[ Lp(0) < ! [Vello (29)
Q (0% .
b V2

Next, notice that o can be considered as u — u", where u = Ag and u" = R(Ag) for some g € Gi_».

Hence, (30) implies

1
leflF < [ lIvallbd



1

< [ IValBanlITalfiag, e
1

< 3 & (|IVu|| oo (r12) + [Vl oo 12))”
1. ~

< 4az 1(||Vuz 1||L°° L2)+/8i71>27

which yields the estimation of ||a?||.
Also, we can estimate the constant C in (4) as below. For u = Ag, by differentiating the following

equation in t and setting v = wy,
(ur,v)a + (Vu, Vo)o = (g,v), v € Hy(Q), t€J,

we have
1d

2. dt
Here, we have used ||u||3 < [|g||3. Integrating the above from 0 to T and using ||ut(0)||q =

—ug|[§ + || Ve ]|, < (||gt||?2+||g||?2) (30)
sy [ue(8) o = L lg (- ) ]o = 0, one obtains

1
IVl [* < S llallir .2

which implies C < %
We now determine the constant C in (5). Observe that by using (31)

uogt) = [ [ uny(en, tydnde
< lAu(-,t)]la
< w9l + g )l
< gl + gl + [lgell-

Here, we have used [2] the estimates ||uzy(-,t)||o < ||Au(-,1)||q. Therefore, we get C <2.
Furthermore, in order to obtain the initial approximation ug, we used a kind of simplified spectral

method. That is, for given parameters p, A, r, set
. . .
u(z,y,t) = Csinma sin 7y sin §t

and substitute it into the function of the form f(u) = u; — Au —p- Vu — Mu? —rsint . Then we solve

the equation
1
| ) wade o,

which is equivalent to a quadratic equation for C, once parameters p, A\ and r are given. This fact
suggests that the problem (29) has two branch solutions. u} is obtained by the usual interpolation of
the above u(z,y,t) on each node. We could actually verify the solutions for several cases. We now
illustrate some of these numerical results.
Case 1:

Data: p =(0.01,0.01),A =0.1,r = 2.5

Result:



Number of partition = 12 (dim Sj, = 1452)

Verified with N = 38 iterations

Maximum absolute value of coefficient intervals in u]]V = 1.04
Hy-error bound (ay) = 0.32

L? bound of u; (By) = 1.41

L? bound of Vu, (yy) = 3.874

L bound of u (6x) = 10.9

Case 2:

Data: p = (0.01,0.01),A =0.3,7 = 1.0

Result:
Number of partition = 8 (dim S;, = 392)
Verified with N = 31 iterations
Maximum absolute value of coefficient intervals in u]]V = 0.20
Hy-error bound (ay) = 0.19
L? bound of u; (By) = 0.56
L? bound of Vu, (yy) = 1.99

L*> bound of u (6x) = 5.62

Remark 7. The above results are considered as the verification of lower-branch solutions. To verify
the upper-branch solution, we will need some Newton type method as in [8,11]. The Hy-error bound
seems not to be so good in these examples, because we could only use rather rough meshes by the
limitation of our computer facility. But, as it is seen from the arguments in previous sections, the
accuracy is clearly O(h). By this fact and the use of the residual technique (e.g., [19]), we will be
able to obtain more accurate error bounds for finer meshes. On the other hand, since the present
method essentially has no consideration for the bounds of ||u|,||Vu|| and ||u||fe, we need some

other techniques to refine these bounds.

Remark 8. In these calculations, we used computer arithmetic with usual double precision instead
of strict interval computations (e.g., ACRITH [20], PASCAL-SC, etc.). That is, we neglected the
round-off error of the floating-point arithmetic in the verification procedure (24)-(28). But from our

experiences, the order of magnitude for the effect of round-off error is under 10~1°

. Therefore, it is
almost negligible compared with the truncation error which amounts to around 10~! in the present
case. Of course, we have to devise some rigourous numerical computations, which means the com-
putation with guaranteed accuracy including the round-off error, when we apply this method for the

mathematical proof of the real problem.
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