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F(u)=0 (5)
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O0O0R=A'00000000000000
00000000000000000000000
oooooooo
00000000000000 ROOODOOD

gooobobooobobooobo
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You will hardly ever again eliminate directly, at
least not when you have more than 2 unknowns.
The indirect procedure can be done while one is
half asleep, or while thinking about other things.
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0000000000 JacobiDOOOODDOOO
SeidelD00ODOOO0OOO0DO%DO

000D00000000000000000 [2]
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4.5 SORO

SOR O (successive over-relazation method) O O
gobooboooboboobobooobo
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4.6 ADIO
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57Siméon Denis Poisson 00 (1781-1840) 0000000
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oo
A:A1+A2+D

ooooooooooooog Ey, EB,bO0O00D0O0
Arx=b0
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[t] > 1

cos(k arccost),

cosh(k arccost),

4.9 0O00O0O0OOOO
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gooooooocooooooao
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5.2 0O0O0OOOOO

gboobooboobooboobooboooon
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20poo000000000000000D0OOOOOO
00000000000000000000000000000
0000000000000 0000000000000000
00000000 1960000000000000000000
0000000000000000000
3000000000 f(x)J00000000000000
0ooo0ooo0ooo0ooon



000000000 00000O0
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0000000000« = (1,1)T0 Az = b0
0oo%o

5.3 UJooon

gooboooboooobbooooobooooo
gogoobboooooobboooboboobobog
goooogon

goboobooboboboobo

S4oppooooo k#0000 ATAR>0000

6500 100000000000000000000D0O000
0000000000000 0000000000000000
0000000000000 0000000000000000
0000000000000 00000

314
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e 000D 2 =24+ 0000
e 0O0DODO P OODODOO

e JIODOOODODOODOODO

0000000 00 200000000000
00000000oooooooooo ([e1)o

00000000000000000 p*000
gooooboobobboooobobobbboobo
goboboooboboobon

5.4 00O0OOO

00000 (steepest descent method) 000 00
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oooooo CcGSOnoooooon

BCGOO CGSOODOOOOODOoOooOoDoOoO
BCGOOOO CGSOODODODOOOOOoOoOOoOooOoO
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000 FortranO OO OOOOO FORTRANTY
O Fortran90 00 0000000000000 O%0O
gobodoooobobbouooooobbbooo
00000000 “Gaussian Elimination with
Complete Pivoting” 0000000000 O0OO
“Ver.0” JDOOOO0O0O “GECPO” 00000 ODOO
4 R
| O0000000 GaussOOOOOODOOO
«O0O> 00Oooboooooooboobooo

SUBROUTINE GECPO(A,NX,N,B,EPS,IW,P,Q,VP,
& VS, VW, ICON)
DOUBLE PRECISION A(NX,1),B(1),VW(1),VS(1),
& VP(1),D,EPS
INTEGER N,NX,I,J,K,L,C,P(1),Q(1),IW,ICON
ICON=0
IF(N.LT.1.0R.N.GT.NX.OR.EPS.LE.0.0DO)
& GO TO 8000
IF(IW.EQ.2) GO TO 6000
L 000000 ==—===——====————=
DO 10 I=1,N
D=0.0D0
DO 20 J=1,N
IF(ABS(A(I,J)).GT.D) D=ABS(A(I,J))
20 CONTINUE
IF(D.EQ.0.0D0) GO TO 7000
DO 30 J=1,N
A(I,J)=A(1,J)/D
30 CONTINUE
VP(I)=D
10 CONTINUE

DO 40 J=1,N
D=0.0D0
DO 50 I=1,N
IF(ABS(A(I,J)).GT.D) D=ABS(A(I,J]))
50 CONTINUE
IF(D.EQ.0.0D0) GO TO 7000
DO 60 I=1,N
A(I,J)=A(1,J)/D
60 CONTINUE
VS(J)=D
40 CONTINUE
DO 110 K=1,N
P(X)=K
Q(K)=K
110  CONTINUE

v

8500000 “? 00000 FortranDO0ODOOO0OOOOOO
00000000000000 “”000000




150
140
120

200

210

N

DO 120 K=1,N
D=0.0D0
DO 130 I=K,N
DO 130 J=K,N
IF(ABS(A(P(I),Q(J))).GT.D) THEN
D=ABS(A(P(I),Q())
L=I
c=J
END IF
CONTINUE
IF(D.EQ.0.0DO) GO TO 7000
index 0O 000
IF(K.NE.L) THEN
J=P(K)
P(K)=P(L)
P(L)=J
END IF
IF(K.NE.C) THEN
J=Q(K)
Q(K)=Q(C)
Q(C)=J
END IF

LU Decomposition
IF(ABS(A(P(K),Q(K))).LT.EPS) GO TO 7000
A(P(K),Q(XK))=1.0D0/A(P(K),Q(K))

DO 140 I=K+1,N
A(P(I),Q(K))=A(P(I),Q(K))*A(P(K),Q(K))
DO 150 J=K+1,N
A(P(I),Q(J))=A(P(I),Q(I))
-A(P(I),Q(K))*A(P(X),Q(JT))
CONTINUE
CONTINUE

CONTINUE

Forward Substitution -------------

DO 160 I=1,N
VW(I)=B(P(I))/VP(P(I))

DO 170 J=1,I-1
VW(I)=VW(I)-A(P(I),Q(I))*VW(I)
CONTINUE

CONTINUE

Backward Substitution

DO 180 I=N,1,-1
B(I)=VW(I)

DO 190 J=I+1,N
B(I)=B(I)-A(P(I),Q(3))*B(J)
CONTINUE
B(I)=B(I)*A(P(I),Q(I))

CONTINUE

00 index 00O 00O

DO 200 I=1,N
VW (I)=B(I)

CONTINUE

DO 210 I=1,N
B(Q(I))=VW(I)/VS(Q(I))

CONTINUE

IC=0

RETURN

ERROROOOOOOOO
ICON=2000

RETURN

ICON=3000

RETURN

END

0000000oUOo e0jDooOOooooo
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DO 140 I=K+1,N
A(P(I),QCK))=A(P(I),Q(K))*A(P(K) ,Q(X))

140 CONTINUE
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DO 100 I=K+1,N
A(P(I),Q(K))=A(P(I),Q(K))*A(P(K),Q(X))
CONTINUE
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goodboouobobouoobuoooobobooao
0000oOooDoDo®g
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7.23 0D0OO0OOODOODOOODOO

oo0oobDO0obobOobOobOob 20000000
goooboooobon

4 DO 120 K=1,N R
R Pivot OO0 =-—---m—mmmmm—mmmmm !
D=0.0D0
DO 130 I=K,N
DO 130 J=K,N
IF(ABS(A(I,J)).GT.D) THEN ! OO 1
D=ABS(A(I,J)) 1 Oo2
L=I
C=J
END IF
130 CONTINUE
R ER Yo T R ——— !
IF(K.NE.L) THEN

J=P(K)
P(K)=P(L)
P(L)=J
DO 131 J=1,N 1001
D=A(K,J) 1 00 2
A(K,J)=ACL,J) ' 003
A(L,J)=D 1 00 4
131 CONTINUE ' gog s
END IF
IF(K.NE.C) THEN
J=Q(K)
Q(K)=Q(C)
Q(c)=J
DO 132 I=1,N ' O0de
D=A(I,K) ' oov
A(I,K)=A(I,C) ' 0os8
A(I,C)=D 1 gogo9
132 CONTINUE ' 00 10
Y END IF )

gooboobooooboboobon

“0O0”’00000000000000000O0OO
goboobooboboobob p,QUubDbOnO
goooboboboobobooobon

b LU Decomposition ---------------- !
A(K,K)=1.0D0/A(K,K)
DO 140 I=K+1,N
A(I,K)=A(I,K)*A(K,K)
DO 150 J=K+1,N
A(T,J)=A(T,J)-A(I,K)*A(K,J)
150 CONTINUE
140 CONTINUE

J
000 Looouoooooooooooooo

gpbOQb0O0DODLOODODOODO
goooooooobbooobbboooooo

n=100000000000

gooo (booog
gooobooo 1120 0.880
Luvono 224 0 0450

gbooooboboooboboobooboon
OO0 LoooUoUuoooooooooooooo

gooobooobooooooboboobooobobo
0049800000000 0000O0O0ODOOODO
gooooo
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gooobobooooooboboboooboboobo
goooobbooooobobboooooobbobo
gooobbobbooooobboooooboboobo
gooobobbooooobobobboobbobo
00ooooD3T00000oooooooooon

e JOIDOODOOODOODUODODODODLO
o0ooooDbOOoOOOoOoDOO

e 0O DOODDOODO A(P(I),Q(I)) O A(I,D)
O00000000O00OoOoooooo

gooon
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00000 Fortran0OODOO0ODD0O0O000DO
00O0D0o0oooo0 ([60])0

0000 FORTRANO OO 20000000000
obooooooooooooobo 100000000
obooooooo 2000000000000 100
oooooooooooooooooooooooo
oooooooooooooooooobooboO02000
0000oo0o0oooooobooooOoOooono
o0oooooooDbOoOOO0OO00100000000
00 bOOO0OO0O00200000000000000
ooooooooo

0O o0o0oooooooo

goobooooooobbobooooobobooon

goooooooon
4 N
DO 130 I=K,N
DO 130 J=K,N
IF(ABS(A(T,J)).GT.D) THEN
D=ABS(A(I,J))
L=I
c=J
END IF
130 CONTINUE

oIroJoooog

DO 130 J=K,N ! <--- 00
DO 130 I=K,N ! <--- 00
IF(ABS(A(I,J)).GT.D) THEN
D=ABS(A(I,J))
L=I
Cc=J
END IF

130 CONTINUE




O00ooopDoo Lvooooo

DO 140 I=K+1,N
A(T,K)=A(I,K)*A(K,K)

DO 150 J=K+1,N
A(T,3)=A(T,3)-A(I,K)*A(K,])
CONTINUE

CONTINUE

150
140

gooooboooboob1oob 10o00b0odg

DO 140 I=K+1,N \
A(I,K)=A(I,K)*A(K,K) ' <--000gg
140 CONTINUE ! <-- 00
DO 145 J=K+1,N ' <-- 00
DO 150 I=K+1,N ' <-- 00
A(I,J)=A(I,J)-A(I,K)*A(K,J)
150 CONTINUE
K145 CONTINUE ' <-- 00 /

goobobboooobooobobbbooooo
gbooobooboboboobooboboboog
gboboobobooobooboboboobon
goooboboobo

gooo (ooog
gooooooo 380 0.870
Luvono 290 0450

0000000000000000000000
00000000000000000000000
0000000000 ([45], [49]))0

0000000000000000000000
000000000000 300LUD0007.70
00000000000020000000000
00000000000000000000000
0000000000000D0D000000000
0oo
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goobobobooobboooobbbboooooboon
gobooooobobobbbooooobbobboog
00000000000 oooOo “cooooog
O00”000000oooooooooooog
ggbobooooobbooooooooooboog
ggobobooooobobobboooouoooog
gobooooboboobon
goobboooobooobbbbboooon
(00D00DO0oU0OU0OO0OUOO)ODOoDbDObOODODOO
gbooobobooboboobob
gooboboboooobboooobbooooboon
“GECP” 00000
goboobooobobooobg

NX :

EPS :
ISW :

VP :
Vs :
W
ICON :

SUBROUTINE GECP(A,NX,N,B,EPS,ISW,P,Q,VP,
VS, VW, ICON)

<O o>
00000010000 Ax=b0 complete pivoting
0000 Gauss JOOOOOODODOODOODOODOODO
<«<LOd>

A : JOoooooog,
00 Ad0OO0O0O0
N : O00O0OO0ADOO (N>1)
B: 000O0OOOBOOOOOOxOOOOO
0o0ooooooooood
Isw=1000 -- 000000000
Isw=2000 -- LUODO00OO0OO0OOOOoDooD
BOOOOOOOOOO
P : piveting 0000000000 OOO
Q : pivoting00O000O0O00O0OO0OO
00o0ooooooooooo
ooooooooooooooog
ooooooog
condition code
0--000D
2000 -- DOOOOOOOoOoOoOoOoO
000 pivot 0O O EPSOO
-- Jogooooogg

oooooooooo

IMPLICIT NONE

DOUBLE PRECISION A(NX,1),B(1),VWw(1),VS(1),

VP(1),D,EPS
INTEGER N,NX,I,J,K,L,C,P(1),Q(1),ISW

ICON=0

IF(N.LT.1.0R.N.GT.NX.OR.EPS.LE.0.0DO)
GO TO 8000

IF(ISW.EQ.2) GO TO 6000

oooooo(@oooo)

*xOJO0O0O =
Piveting OO O ODOOOOO0OOOO0O0O0ODOOO
goooooooooooboooooooooboooo
oooooooood
goooooooooooboooooooooboooo
gooooooooooooooooon.

* [0 *
gooooooooooveoooooo,
goooooovsooooo

20

30

10

goooooo
DO 10 I=1,N
D=0.0D0
D0 20 J=1,N
IF(ABS(A(I,J)).GT.D) D=ABS(A(I,J))
CONTINUE
IF(D.EQ.0.0DO) GO TO 7000 ! O0OOOOO
DO 30 J=1,N
A(I,J)=A(I,1)/D
CONTINUE
VP(I)=D
CONTINUE

330



50

60

ooooooo
DO 40 J=1,N
D=0.0D0
DO 50 I=1,N
IF(ABS(A(I,J)).GT.D) D=ABS(A(I,J))
CONTINUE
IF(D.EQ.0.0D0) GO TO 7000 '000O000
DO 60 I=1,N
A(I,J)=A(I,1)/D
CONTINUE
VS(J)=D
CONTINUE

(-

Complete Pivoting
oooo =
wooooooooooooooooooooo
ooooooooooooooo p, QOOO

131

132

DO 110 K=1,N
P(K)=K
Q(X)=K
CONTINUE
——————————— pivot OO0
DO 120 K=1,N
D=0.0D0
DO 130 J=K,N
DO 130 I=K,N
IF(ABS(A(I,J)).GT.D) THEN
D=ABS(A(I,J))
L=1
c=J
END IF
CONTINUE
IF(D.EQ.0.0DO) GO TO 7000 ! OO OOOO
index 0O 0O0OO
IF(K.NE.L) THEN
DO 131 J=1,N
D=A(K,J)
AK,J)=ACL,D) !
A(L,J)=D
CONTINUE
J=P(K)
P(K)=P(L) !
P(L)=J
END IF

' oooooa

! pivot 0O OOOO
! pivot 0O OOODO

gooooo

gooooooo

IF(K.NE.C) THEN

DO 132 I=1,N
D=A(I,X)
A(I,K)=A(I,C) !
A(I,C)=D

CONTINUE

J=Q(X)

Q(K)=Q(C) !
Q(C)=J

END IF

gooooo

oooooooo
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LU Decomposition
IF(ABS(A(K,K)).LT.EPS) GO TO 7000
A(K,K)=1.0D0/A(K,K)

DO 140 I=K+1,N
A(I,K)=A(I,K)*A(K,K)

140  CONTINUE
DO 145 J=K+1,N
DO 150 I=K+1,N
A(T,3)=A(T,3)-A(I,K)*A(K,])
150 CONTINUE
145  CONTINUE
120 CONTINUE

Forward Substitution

6000 DO 160 I=1,N ' ISW=2000, 0000
VW(I)=B(P(I))/VP(P(I))
DO 170 J=1,I-1
VW(I)=VW(I)-A(T,T)*VW(JI)
170 CONTINUE
160 CONTINUE

Backward Substitution
DO 180 I=N,1,-1
B(I)=VW(I)
DO 190 J=I+1,N
B(I)=B(I)-A(I,J)*B(J)

190  CONTINUE
B(I)=B(I)*A(I,I)
180 CONTINUE

00 index 00O 00O
DO 200 I=1,N
VW(I)=B(I)
CONTINUE

DO 210 I=1,N
B(Q(I))=VW(I)/Vs(Q(I))
CONTINUE

ICON=0 !
RETURN

210
oobooooooooo

ERROROOOOOOOO
ICON=2000
RETURN
ICON=3000
RETURN
END
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Ooooooooo “GECP’oOUOOOUOOOO
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0000000000 (Dooooono)

oooQ \n:um\n:1m0\
ooooon 4.30% 1.33%
Oooooooon 56.74% 55.88%
LUono | 37.14% 42.29%
O000o0oo0oon 1.82% 0.52%

0000o0ooooooonD Lvoooooooo
goooboboboboooooboooooboboboboog
goboobooboboobo

0000000000 (boooooo)

oooQ \n:um\n:1m0\
ooooon 2.61% 0.63%
Oo0o0oooo0O | 64.50% 65.40%
LU DO | 30.94% 33.59%
ooooooooo 1.94% 0.38%

gooobooooooooobobboooooobon
0000000De60%0000000DbDUODOO
000000000000000 9%% 000

/

~

DO 130 J=K,N

DO 130 I=K,N
IF(ABS(A(I,J)).GT.D) THEN
D=ABS(A(I,J))
L=I
C=J

END IF

CONTINUE

130
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. LEQLUW
100 DLAXL |
b ——— GECP
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o

ratio to DVLAX
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goobooooobobobobbooooobboboobooo
goobboooooobooboboooobooboboa
ooo (7)o

gobooooboboobon

gooooooooooooogsoooooobooo
goooooOoooooooooooooobooog
gooooooo0oooOo 200000000 ODO
goopoOoOooOoz2000000000000000O
gooo

00 ooooooboo

000000000000 000000®%0o00
000000000000 000D0000000D
0000000000000 00D0ODO0OO0O0D
0o0oO00o0oooooODDoDoO

000000000000 0D0O00ONDONONOOnog
0000D00D0D0D00D000000000oonoon
ooooo

DpopoooDOooooog

333

ooboboobooooool1bobooooooo
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go00oo0o0O0oOoOooOoo0o1booboboboo
0000 GaussUOOOOOOOOOOOOOOO
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0000000000000 0000 GaussOO
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“Average-Case Stability of Gaussian Elimination”
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000000000000000°000000
000000000000 GaussOOOOoOoOoOoQO
O00000000000O0OO0O0O0 Alan Mathison
Turing 0 O (1912-1954)0 John von Neumann O
O (1903-1957) O Herman Heine Goldstine O O
(1903-7) 00000000 James Hardy Wilkinson
00 (1919-1986) 0 O ([36])0

8.2 [OOOOODO

Wilkinson 00 000000000000 O0OO
(backward error analysis)0 0000000000
gooobboboooooboooooooobooo
goooboboobo

0000000000000 [35], [36], [37] 00
00000000000%00000000000
000 (forward error analysis)0 00000000
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0000000000000 000000 Gauss
gooobboooooooobobbbboooonog
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8.2.1 0O0OOOOOODO

00000000 (machine epsilon)0 0000
0000000000000 0000000000
00000000000 000000 ([60],[54])°°0

000000000 ey 00000

e = e (14)

000 A0000¢t00000000 00000
00000D00000000D000000 1/200
000001000000
0000000D0D00000000ey 0000
000000 ([55], [67])0

Bt EM
IBMOO OO0 | 16| 6 | 9.54 x 1077
goo |16 | 14 | 2.22 x 10716
4000 |16 | 28 | 3.10 x 10733
IEEEOO 00O 2|24 | 596 x 1078
gono 2| 53] 1.11x107'6

0000ey01000000D000DOO
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¥000000000000000000000 [36]0000
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8.2.2 0O0OO
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oo = max]z|

goooooooon
Al = max 3" [a|
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Koo(A) = [|A]]oo][ 4|0 (15)

0000 keo(A)ODODO ADDOOO (condition num-
ber) 00O OO0
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relative error

10%
10*
1026
1021
1016 p

//
1011 /

10°

10 al — el
100 140

matrix dimension
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Commandant BENOIT*.

NOTE SUR UNE METHODE DE RESOLUTION DES EQUA-

. TIONS NORMALES PROVENANT DE L'APPLICATION DE

LA METHODE DES MOINDRES CARRES A UN SYSTEME

*: D'EQUATIONS LINFAIRES EN NOMBRE INFERIEUR A

CELUI DES INCONNUES. — APPLICATION DE LA ME-

THODE A LA RESOLUTION D'UN SYSTEME DEFINI
DEQUATIONS LINEAIRES.

(Procédé du Commandant CoLEskx®.)

! Le Commandant d'Artillerie Cholesky, du Service géographi-
{que de P'Armée, tué pendant la grande guerre, a imaginé, au
Ecours de rechorches sur la compensalion des réseaux géodési-
Paues, un procédé irés ingénienx de résclution des équations
dites normales, obtenues par application de la méthode des
moindres carrés & des équations Jinéaires en nombre inférieur
Ti celui des inconnues. Il en a conclu une méthode générale de
} résolution des équations linéaires.

5 Nous suivrons, pour la démonstration de cetie méthode, la
“progression méme qui a servi au Commandant Cholesky pour
El‘imagiuer.

Cholesky 00O OO0 19240000 ([1])



