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Verification Methods of Generalized Eigenvalue Problems and its Applications
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Abstract. We consider numerical verification methods to obtain the maximum absolute value of
generalized eigenvalue problems. We present four kinds of methods and compare the performance
in various situations as well as give evaluation of the advantage and disadvantage of these methods.
All numerical results have been calculated by the interval arithmetic software for considering the
rounding error occuring in the calculation. Finally, we will present an application to an eigenvalue
problem appeared in some a priori error estimates for the finite element solution of the Stokes

equations.
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(2.1) v:= sup
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C'ACTx = \x

DO00D00000000000 CO000000000 C 7= ) 0000
000000 (approzimate diagonalization method)[30] 000 000000000DO0OODOOOO
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p 0D00000: ADM(DO0O000)

Step 1. BO CCT O Cholesky O O (interval).
Step 2. E:=C'AC~T 000 (interval).
Step 3. E0000O0OO0OO0OOOOOOOOOOOOO0O 7000 (foating).

Step 4. D := TTET A1 := max Z |D;;| D00 (interval).

1<z<n

Step 5. [ := (TTT)_l, = 1I?[<1aX Z |I;; 0 OO (interval).

Step 6. \{ Ao O 00O (interval).
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p 000000: Rump(Rump 00 0)
Step 1. BO CCT O Cholesky O O (interval).

Step 2. E:=C'AC~T 000 (interval).

Step 3. E0O0O00OODOO0000 00000 (floating).
Step4. J0D00D000<6<«1000 f:= (1465000 (interval).
Step 5. X :=—FE+f(1,, X;:=F+ 1,000 (interval).

Step 6. X, (k = 1,2) 0 Cholesky 00 ( X, ~ C,CJ) OO (floating). Cholesky O 00 O
000000 600000000 Sstep400000O0.

Step 7. Yk = ékég — Xk, )\k = 1121.8%}{ Z |(Yk)2]| (k = 1, 2) ooo (interva,l).
7z7nj:1

Step 8. [+ max{\;, \,} 000 (interval).
N /
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00000000 (approzimate diagonalization method-advanced) 00 0000000000000
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Step 2. E:=ClACToOO (floating).
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Step 4. P:=TTC'000O (floating).
Step 5. D := PAPT )\, := 1121?2%; |D;;| D00 (interval).
Step 6. [ := (]BB]BT)_l, Ay 1= 1121;&3%}2_:1 |I;;] O OO (interval).
Step 7. A\A, O 00O (interval).
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~ O00000: VPD(OOOODOODO)

Step1. XOOOOOO pO0OODO (floating). p<00000DO.
Step 2. 000000 0<é6k1000 p:=(1—6)p>0000 (interval).
Step 3. Y := X — pl,, 00O (interval).

Step 4. Y O Cholesky 00 (Y ~ CCT) OO (floating). Cholesky 00000000 OO 6
D0DO0DO0D0O Step2000000.

1<i<n

Step 5. Z := cCT — Y, A:= max Z |Z:;) D00 (interval).
j=1

Step 6. p—A>00000000000000060000000O0OSStep200000

a.
- /

Theorem 4 000000 VPDO Step60 p—A>0000000000 XOOOOOOOOOO
0000000000000 0D0 p—AO0XDOODOODODODOODO

00: X0O0O00O0OO0O00000000 X,0000 2’2 =100000 € R"O002000
D000 |27 (CCT — (X, —pl,))x|0 Z0 l,-0000000000000000
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' (Xo — pL)x > =)\
0000000 2" Xez>p—A>00000000000

2.6 000 RumpOd

000 Rump O (generalized Rump’s method) 0 Rump 00 000000000 00OO Cholesky
ooooooooooooo

e 000000: G-Rump(000 Rump )
Step 1. (2.1)0 70000 000 (floating).
Step2. J00O0000<6<K1000 B:=(1+6)3000 (interval).
Step 3. X1 :=—A+ (B, X,:=A+B0O0O0 (interval).

Step 4(interval): VPD O OO Xy, X, O00OOD0OOOOOOODOOODOODOODOOOOODO

O0D0000000000 000000 step20000000
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00000000
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000000000000000000000000 £’2=100000 € R"0O0O0O

z”(— Ay + BBy)z > 0, x” (Ag + B8Bo)x > 0,

oooOond
—ﬁwTBO:I: <zl Agx < ﬁa:TBO:I:

000000000 BOOOO0ODO00D00000 2'Byz>0000 00000 sup00000

! Ay
T Byx

<p

sup
xTx=1

0000Q
000 RumpO000D000000 Cholesky 0000000000000 00000D00000O0
00000000000000 VPDOOOOO 20000000600000000000000 A
00000000 Rump000000000000000 X,000000000000000
000000000000000 (1.1)000000000000000000000000 (2], [3],
23]00000000000000000000000D000000D00000D0000000000
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3.1 0000

000000000000000 INTLIBL9ORODOOUDOINTLIB.OOODOODDODOODOODOO
0000000000000 boDoo0oOooDoooooboooo0ooooOoog INTLIBO For-
tra900000000000O0OOO0ODOOOO

0000000000000 FUJITSU VPP700/56 O O 0O Sun Ultra Enterprise 450 0 0 O CPU
00000000 Table1OOOODOOO

Table 1. Specification of numerical environment

H machines ‘ VPP700/56 ‘ Ultra Enterprise 450 H
(ON) UXP/V V10L20(X97121) SunOS 5.5.1
software Fortran90/VP V10L10(L97121) | WorkShop Compiler Fortran 90 1.2
performance | 2.2GFLOPS/PE UltraSPARC-IT 300MHz
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ggogoooooooobobbbbbbbbbooooooouggd:

1. D:=diag[A,---,A,] 0000000000

2. ve R"O0O0OODOOOOOO

3. u: LDDDDDDDDDDDD

ol

4. M:=1,-2wu’ 000000000000
5. QDOIDO0OOODOODODOODODO

6. A:=QM"'DMQT, B:=QQT000000000O0O0OO

0000000000000 00000D0000DO00O0O A, BODOO A,---,A, 000000000
oobooboooO MOOOOD MpODOODODO

QMIDM,Q"x = \QQ"x

00000 Q'000QTz000000 200000 MIDMyz = Xx0000000 M,OO0O
000000000000000 De=X00000000000000000O0O0O0OO0DOOOO
0000000000000000000000000000000 BOOOOOOOOOOO0OO
0
= min | Bi

1<i<n Y| By

j#i

000 BOOOOODOODOOOODOODOODOOD QOOO0OO0O0OOO0OO0O0OO0O0ODOO0ODO0ODO0DOoOoonQ
000 domi(B)O0DOD0O0ODDDODOOO domi(B)>10000 BOOOOOOOOOOOO
00000 Fortran90 0 00O OO DO RANDOM_NUMBER D0 OO ODOOO ADM, ADM-aO000O0ODO
0000000000 Brouwer 100 000000000D 100000000000000O00 [18],
24000000000

domi(B) :

3.3 0000000 Cholesky 00

O000000 RempO0O0D00000DODO CholeskyODODODOODODODOODOODODOODOOO
0od domi(B)DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD ooQd
00000000DO00000D0DO00DODO0OD0DOO00DODO0OD0DO0O0D0O0 Fig. 10 32000000
0000000000 oOo00D BOOooooooog CholeskyDDDDDDDDDDDDD(:: Q)DD
00 BOOODDOODOODODOOO FortranO IEEEODOOOOOOOOOOO Cholesky OO0
0000000 (=)0 QUBO00T (1O - Qlla/IQlles 10 - Qll</IQll<) 00 DODODDD
Ooooooooooon domi(B)DDDDDD 500000000 n = 1000000 Cholesky OO

00000000 2900000
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Fig. 1. Relative error for interval Cholesky decomposition

domi(B) < 0.10000000000000 CholeskyDOOOO0D0OD domi(B)DOODDOOOOO
ugoboboooooboobooboooodoboobboooooobobboooobobobbobooooLbLDboD
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3.4 0O0O0OO

Fig. 20 1100000000000 20000004000000000000000000000
D00000000000000000000000000 » =1000000 Rumpd0000000
Rump0000000000000000000000000000000000000

max |A;|/ min [A] 0000 6230000000 000 Rump00000 VPDOOOOOOO 102

1<i<n

D000000000000000000000000000000O0OO Householder-bisection O
gogogoo

107 d
E a ‘
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L O ADM
Lo 8 7777777777777777777777777777777777 X ADM-a | ]
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Fig. 2. Relative error for test matrices
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Table200DO0OO0D000D000O0D0O00ODOO00O0O0O Fortran900 OO DO OO0 SYSTEM_CLOCK [
uogboboodoobooobbooobobbuooobbbooobooobog

Table 2. Elapsed time for each algorithms(sec.)

H computer(sizes) ‘ ADM ‘ ADM-a ‘ Rump ‘ G-Rump H
VPP700/56(100 x 100) 39 40 5.3 2.8
VPP700/56(200 x 200) 337 313 41 19
Ultra Enterprise 450(100 x 100) 22 23 3.6 3.2
Ultra Enterprise 450(200 x 200) 169 183 24 23

VPP700/56 D000 Rump 00 000000000000 DO0OOO0ODOO0OOOOOOOOO
00000000000000000000000000000000O00000O00 VPPT00/560
000000000000 0D00DO0DO000000000O Ultra Enterprise 450000000000
oo0O0oboOooOOobOoU0ooOU0DOO0bObO0bDO0bOOoU0UO0U0UDO0 RvmpODOOOOODOODOODODO
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Table 3000000000000 0DO0ODOODOOOODOODOODODOOODOODOODODOODOOD

O Hilbert 0O :
1

it+j—1
000 VPDOOOOOOOOOOO»=10000000000000006=10°0000000
goo [5]DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Aij: i,j:1,2,...,n

Table 3. Verification of positive-definiteness for Hilbert matrix

H n ‘ minimum eigenvalue condition number | relative error H
3 | 2.687340355773529 x 1073 5.24057 x 10? 1.00000 x 10°¢
4| 9.670230402258689 x 1075 1.55137 x 10* 1.00004 x 10~°
5 | 3.287928772171863 x 10~° 4.76607 x 10° 1.00139 x 10°¢
6 | 1.082799484565550 x 107 1.49511 x 107 1.04452 x 107°
7 | 3.493898605991218 x 10~° 4.75367 x 10 | 2.40610 x 106
81 1.111538966372442 x 10719 | 1.52576 x 10'° | 4.62505 x 1075
9 | 3.499676402911493 x 10712 | 4.93155 x 10! | 1.56398 x 103

10 | 1.093153819379666 x 1073 | 1.60263 x 10'% | 5.07078 x 1072

4 00O
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4.1 StokesOOODOOODOO

O00D00D0000D0D StokesODOOODOO:

(4.1)

—vAu+Vp=f in

)

divu=0 in €,

©vw=0 on Of.



O0QO0 RDOOOOODO u= (u,u)’, f=(f,f) 02000000000, >0000000
000000000 «0000000p0000 HYQ)DOOO kO SobolevOOOOOOOOOO

HY Q) = {ve H'(Q); v=0o0n N},
L) = {vell*(Q); /Qv dz dy = 0},

|-,0QO00 L2000,|-,0Q00HO000000000000000 (41)00000 HY(Q)
L3A(Q)0oooono [u,p| 0000

000 7,000 QC RROOD0O0ODOO0OO0DOOO 2O 7, 0 scale parameter 0000 A > 00
000000000000000 X,Cc HY(Q)NC(Q)DOO00«0000000000000000
00Y,CLAQ)NnCc(Q)0000 p000000000000000000000000000 (4.1)
00000000 [us,pe) € X2x Y, 0000 [u,p) 00000000000000 [19]:

Lemma 1 000 fe L*(Q)*000

Iu—mh§<%47%>QXMVM

(4.2)
1 v
b=l < (5 + 2] 9 17
0ood
(4.3) C(h) == \/(Coh I, + K1)? + (Coh)?,

0008>0,C,>0000 QO000000000000000 K, >0,K,>00Q,X,,Y,000
oooooo.

K,0K,0 X, v,00000000000000 4, 4,0 X, 000000000000000

OO0 BOOOO
1
TA. 2
Kiﬁ( sup mT ,:1:)
O;Jzéar:eR"ZBBa3

0000000000000 000000000000000 K, K,0OOOOOOOOOOOO
(43)0000 C(h) 00000000 (42)0000 Stokes 0000000000 0000000 apri-
ori000000000000

4.2 00O

Q=(0,1)x(0,1)00000000 (0,1)0 LO00O L200000000000000 A =1/L
0000 X,000000200000Y,000000000000v =100000000 C, =
1/(27), 1/3* =4+2y/20000

Table 40 200000000000000 Ky, K,OOO C(h)OODDOOO00OO “floating” O FU-
JITSU VPP700/56 00 Fortran 0 00 IEEEODODODOOO (64000)00000000000O0
0000000000000 00000000000000 CholeskyDOODODOO0D0OOOOOOOO
00000 Householder-bisection 0000000000000 L =50 162 x 162, L = 100 722 x
722, L =150 1682 x 16820 domi(B) ~ 0580000000 RumpO0 RumpOO0000000OO
OL=50006=10"° L=10000¢é=10"7, L=15000 ¢6¢=10°0 VPDOOOODODOO L
0000 é=1020000



Table 4. A priori error constants for Stokes equations

H L ‘ algorithms K, K, C(h) H
G-Rump 0.05100876310491353 | 1.268294925398748 | 0.09676511668110258
Rump 0.05100876311238357 | 1.268294926799123 | 0.09676511673025147

5 | ADM 0.05100876357504820 | 1.268294978633361 | 0.09676511872527857

ADM-a 0.05100876404340230 | 1.268294979559628 | 0.09676511919541045
floating 0.05100876307940880 | 1.268294924764600 | 0.09676511663795448
G-Rump 0.02794084133393883 | 1.238111303510752 | 0.05023389068930387
Rump 0.02794084209468706 | 1.238111523884439 | 0.05023389473752864
10 | ADM 0.02794094026027832 | 1.238127882787599 | 0.05023423479314133
ADM-a 0.02794085315113312 | 1.238113249056619 | 0.05023393126685157
floating 0.02794083993689644 | 1.238111241605190 | 0.05023388842973234
G-Rump 0.01896605324389127 | 1.238019686150493 | 0.03380987832209943
Rump 0.01896606508645449 | 1.238023659225624 | 0.03380992959238906
15 | ADM 0.01897072488949515 | 1.238612263477653 | 0.03382028394542623
ADM-a 0.01898434068678022 | 1.242378307644777 | 0.03387115806908502
floating 0.01896595841433506 | 1.238013496098524 | 0.03380972592273357
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